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1 Introduction 

Our objective in this paper is to describe a model theory for representations 
of the Hardy algebras, which we defined and studied in j2H], that general- 
izes the model theory of Sz.-Nagy and Foia§ 41J for contraction operators. 
Our inspiration for this project comes from three sources. The first is the 
well-known fact that model theory allows one to think of a contraction on 
Hilbert space as a "quotient" of a "projective" module over H°°[T). More 
accurately but still incompletely, one views H°°{T) as an operator theoretic 
generalization of the polynomial algebra in one variable C[X] and one thinks 
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of the Hilbert space of the contraction as a module over the algebra it gener- 
ates, viewing it as a compression of a module over H°°{T) that is, essentially, 
a multiplication representation of i7°°(T) on a vector- valued if^-space. In- 
deed, the H°°{T) - C[X] analogy coupled with model theory has inspired 
much of operator theory during the last 40 years - and more. We find the 
"module-over-iJ°°(T)" perspective particularly stimulating and we have been 
especially inspired by the work of Douglas and his collaborators (see, e.g., 
) and by the work of Arveson [H EJ • 

The second source of inspiration for us is the marvelous paper of Pimsner 
pi] that shows how to build a C*-algebra, now called a Cuntz-Pimsner alge- 
bra, from a "coefficient" C*-algebra A, say, and a certain type of bimodule 
E over A, known as a C*-correspondence. These are denoted 0{E). When 
A = C and ii^ = C", 0{E) is the famous Cuntz algebra On- Sitting inside 
0{E) is the norm-closed subalgebra T+{E) generated by A and E that we call 
the tensor algebra of E [22] ■ Indeed, T+{E) is a completion of the algebraic 
tensor algebra determined by A and E. For the study of representations 
of tensor algebras and for other purposes, we were led to consider certain 
"weak closures" of our correspondences E and to form a "weak completion" 
of T+{E), which we called a Hardy algebra and which we denoted H°°{E) 
|28j . When A = C = E, the constructs we are discussing are these: The 
algebraic tensor algebra is the polynomial algebra C[X]; the tensor algebra 
T^{E) is the disc algebra A{W) viewed as the algebra of continuous func- 
tions on the circle that extend to be analytic on the open unit disc; and the 
Hardy algebra, H°°{E), is H°°{T). When A = C and E = C", the algebraic 
tensor algebra is the free algebra in n variables, C(Xi,X2, ■ ■ ■ 7+{E) 
is Popescu's noncommutative disc algebra and H°^{E) is the free 

semigroup algebra that he defined in [35* and that has been the object of 
intense study by Davidson and Pitts, and others [TUl |U] . 

And the third source of inspiration comes from the 1947 paper by Hochschild 
[T3] . which shows, among other things, that every finite dimensional algebra 
over an algebraically closed field may be expressed as a quotient of a tensor 
algebra. In fact, in a fashion that is spelled out in [20], if one is interested 
in studying the representation theory of finite dimensional complex algebras, 
one may assume that the coefficient algebra is a commutative C*-algebra. 
That is, every finite dimensional algebra is Morita equivalent to a quotient 
of a graph algebra. By this we mean the following: Let G = {G^, G^,r, s) be 
a countable graph with vertex space edge space G^ and range and source 
maps r and s. Then for the C*-algebra A we take Co(G°) and for E we take (a 
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completion of) the space of finitely supported functions ^ on G^, which may 
be view as a bimodule over A via the formula: aC,b{a) := a{r{a))^{a)b{s{a)), 
a,b E A and a G G^. If the graph is finite, then the algebraic tensor algebra 
is the type of algebra to which we just referred. Every finite dimensional 
algebra over C is naturally Morita equivalent to a quotient of such a tensor 
algebra. This perspective has dominated much of finite dimensional algebra 
since Gabriel's penetrating study [13] of algebras of finite representation type. 
(For a recent survey, see ^1].) In general, the Cuntz-Pimsner algebra 0{E) 
in this setting goes under various names, depending on the structure of the 
graph, but for the sake of this discussion, 0{E) is simply a Cuntz-Krieger 
algebra first studied in [Sj. The tensor algebra T^{E) has been studied by us 
in [201 1221 1211 l2Hj- The general theory of Hardy algebras that we developed 
in [2B'! was initiated in part to study H°°{E) in this setting, and special rep- 
resentations of H°°{E), when E comes from a graph, have been studied by 
Kribs and Power and their co-workers under the name "free semi-groupoid 
algebras". (See [T7].) 

The three sources of inspiration combined have become the driving force 
behind much of our recent work: We want to study tensor algebras and 
Hardy algebras in a fashion analogous to the theory of contraction operators 
on Hilbert space with an eye to exploiting the insights from finite dimen- 
sional algebra in much the same way that finite dimensional matrix theory 
and linear algebra inform operator theory. Although our initial focus was 
on the interactions between operator theory and finite dimensional algebra, 
we soon realized that the perspective provided significant insights into such 
things as the theory of (irreversible) dynamical systems |221 12H] , the theory 
of completely positive maps, quantum Markov processes and other aspects 
of quantum probability [2ni 121] • Of course, we are not alone in the appre- 
ciation of the impact of Pimsner's insights on these subjects. However, the 
perspective from non-self-adjoint operator theory and algebras that has been 
the leitmotif of our work led to useful insights that seem not to be easily 
accessible from the self adjoint theory. 

The theory we present here will be seen to be a direct descendant of the 
Sz.-Nagy-Foia§ theory spelled out in [JT]. However, there is a subtle, yet 
important, distinction. We present a model theory for some representations 
of our Hardy algebras, not all. We run into the same difficulties that Popescu 
encountered in |32] and we must limit ourselves to what he called completely 
non-coisometric representations. We adopt his terminology here. Indeed, our 
analysis owes a great deal to his work. 
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In the next section we present background information from [2H1 and else- 
where that we shall use. In particular, we develop the perspective that the 
elements in one of our Hardy algebras H°°{E) can profitably be studied as 
functions on the unit ball of the so-called dual of E calculated with respect 
to a faithful representation of the underlying iy*-algebra. In Section 3, we 
develop the notion of characteristic operators and functions for completely 
non-co isometric representations of H°°{E) and we show that such representa- 
tions have canonical models that are (almost) the exact analogue of the mod- 
els that Sz.-Nagy and Foia§ built for single operators. In Section 4, we prove 
a model-theoretic analogue of Sarason's original commutant lifting theorem 
and in Section 5 we identify the relation between invariant subspaces for 
representations and factorizations of the characteristic functions. Finally, in 
Section 6, we present an example that shows how our theory functions in a 
special case related to the classical Sz.-Nagy-Foia§ theory and that helps to 
clarify the limitations of the "completely non coisometric" hypothesis. 

2 Preliminaries 

2.1 VF*-Correspondences and Hardy Algebras 

We begin by recalling the notion of a W*- correspondence. For the general 
theory of Hilbert C*-modules which we use, we will follow [18,. In particular, 
a Hilbert C*-module will be a right Hilbert C*-module. 

Definition 2.1 Let M and N be W* -algebras and let E be a (right) Hilbert 
C*-module over N . Then E is called a (Hilbert) H^*-module over N in 
case it is self dual (i.e. every continuous N -module map from E to N is 
implemented by an element of E). It is called a iy*-correspondence from M 
to N if it is also endowed with a structure of a left M -module via a normal 
*-homomorphism ip : M ^ C{E) . (Here C{E) is the algebra of all bounded, 
adjointable, module maps on E - which is a W*-algebra when E is a W*- 
module 120). A iy*-correspondence over M is simply a W*- correspondence 
from M to M. 

An isomorphism of W* -correspondences Ei, E2 from M to N is an M, N- 
linear, surjective, bimodule map that preserves the inner product. We shall 
write El = E2 if such an isomorphism exists. 

If is a *-correspondence from M to N and if F is a *-correspondence 
from N toQ, then the balanced tensor product, E^f^fF is a Vr*-correspondence 
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from M to Q. It is defined as the self-dual extension [221 of the Hausdorff 
completion of the algebraic balanced tensor product with the internal inner 
product given by 

(6 ® Vi, 6 ® V2) = {Vu ^2)e)V2)f 

for all ^1 , ^2 in -E and rji , 172 in F. The left and right actions of M and Q 
are defined by 

VE«,j^Fia){^ ® r])b = (fEia)^ (g) 7]b 

for a in M, 6 in Q, ^ in and rj in F. 

If 0" is a normal representation of on a Hilbert space H and E is a W*- 
correspondence from M to A^, then H can be viewed as a iy*-correspondence 
from to C and E H is a Hilbert space (with a normal representation 
of M on it). Of course, E ®n H, also denoted E ®a- H, is nothing but the 
Hilbert space of the representation of M that is induced by a, E-Indjja, in 
the sense of Rieffel's pioneering studies j2Z|EHl- (See [SBl P- 36 ff.] for the 
general theory.) It is defined by the equation 

E-Ind^^a{a){^ h) = ^ h, ^ ® h e E ®„ H, a e M . 

To lighten the formulas that appear in this paper, we adopt the following 
notation throughout. 

Notation 2.2 If E is a Hilbert W* -module over a von Neumann algebra N , 
if a a normal representation of N on the Hilbert space H and if A is any 
subalgebra of C{E), then we shall write for the restriction of E-Indfj^^^a 
to A, and for a & A, we shall often abbreviate a^{a) as a® Ih- 

Note also that, given an operator R G o"(M)', the map that maps S,® h 
in E ®cr H to S,® Rh is a bounded linear operator and we write Ie ® R for 
it. In fact. Theorem 6.23 of [HZ] shows that the commutant of cr^{C{E)) is 
{lE(S)R\Re a(M)'}. 

If {Ea} is a family of VF*-correspondences from M to then one defines 
the direct sum (BEa as in ^\ . It is a Vr*-module over A^ and one defines a left 
module structure (making it a Vr*-correspondence) in a natural way. Com- 
bining this observation about direct sums with the notion of tensor products 
leads us to the Fock space construction: Given a iy*-correspondence E over 
M, the full Fock space over E, T{E), is defined to be M © E © © . . . . It 
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is also a iy*-correspondence over M with the left action ip^o (or ^e,oo) given 
by the formula 

(Poo{a) = diag{a, ip{a), (p^^\a), ■■■), 

where ip^"-\a){^i ® 6 ® ■ ■ ■ ^n) = (v^(0')6) ® 6 ® ■ ■ ■ • For ^ e E we write 
for the creation operator on T{E) : T^rj = ^ ^f], r/ G ^{E). Then is a 
continuous, adjointable operator in C{J-'{E)). The norm closed subalgebra of 
C{J^{E)) generated by all the T^'s and ipoo{A) is called the tensor algebra of 
E and is denoted r+{E) {^). Since is a Hilbert iy*-module, C{J^{E)) 
is a iy*-algebra [22] ■ Hence the following definition from |^ makes sense. 

Definition 2.3 If E is a W* -correspondence over a W*-algebra then closure 
of T^{E) in the w* -topology on C{J-'{E)) is called the Hardy algebra of E, 
and is denoted H°°{E). 

The w*-continuous, completely contractive representations of this algebra 
are our principal objects of study. 

2.2 Representations 

Recall that a iy*-correspondence E over a iy*-algebra M carries a natural 
weak topology, called the cx-topology (see I^). This the topology defined by 
the functionals /(■) = J2'^=i^n{{Vn, ■)), where the rjn lie in E , the u;„ lie in 
the pre-dual of M, M^,, and where ^ ||^n|| ||'7n|| < oo. 

Definition 2.4 Let E be a W* -correspondence over a W*-algebra N and let 
H be a Hilbert space. 

(1) A completely contractive covariant representation of E ( or, simply, a 
representation of E) in B{H) is a pair, {T,a), such that 

(a) a is a normal representation of N in B{H). 

(b) T is a linear, completely contractive map from E to B{H) that 
is continuous with respect to the a-topology of /?/ on E and the 
a -weak topology on B{H), and 

(c) T is a bimodule map in the sense that T{ip{a)^h) = a{a)T{C,)<y{b), 
^ e E, and a,b e N. 
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(2) A completely contractive covariant representation {T,a) of E in B{H) 
is called isometric in case 

for all ^,7] in E. 

The theory developed in |221 apphes here to prove that if a representation 
(T, 0") of E is given, then it determines a contraction T : E®(jH ^ H defined 
by the formula 

f{i®h) = T{i)h. 
Moreover, for every a in we have 

f{^{a)®I)=fa''{^{a))=a{a)f, (1) 

i.e., T intertwines a and o In fact, it is shown in |22| that there is a 
bijection between representations (T, a) of E and intertwining operators T 
of a and o ^p. 

It is also shown in [22] that (T, a) is isometric if and only if T is an 
isometry. 

Remark 2.5 In addition to T we also require the "generalized higher pow- 
ers" ofT. These are maps Tn : E®"-®!! H defined by the equation T„(^i(8) 
...^^n®h) =T{^i)---T{^n)h, ^i®...®^n®he E'^'' ® H . We callfn the 
n^^-powei or the ^^''-generalized power of T. An important role in our anal- 
ysis is played by the following formula which is valid for all positive integers 
m and n: T„+m = T^^In ® ^m) = Tm{Im ® T„), where In is the identity map 
on E®^ ^4]- It '"'^^^ '^^^0 be convenient to write T„(^) = T{^i) ■ ■ •T(,^„) for 
e = 6 ® • • ■ ® a e E®", so that T„(e ®h)= TniOh = T{^i) ■ ■■T{^n)h for 

heH. 

The theory developed in |221 shows that there is a bijective correspon- 
dence between covariant representations of E and completely contractive 
representations p of T^{E) with the property that p o is a normal rep- 
resentation of N. (Given p, let T(^) := p(T^) and let cr(-) = p(y9oo(-)) then 
(T, (t) is a representation of E and we write p := T x a.) However, only 
certain of these extend from T+{E) to II°°{E). The full story has yet to 
be understood, but an initial analysis may be found in j2Hl- Aspects of the 
analysis in [2H] will play a role in this paper. 
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The representations of H°°{E) that are "induced" by representations of 
M play a central role in our theory, where they serve as analogues of pure 
isometrics. This is made clear in |24j and |2S| and will be developed further 
here. 

Definition 2.6 Let E he a correspondence over a W*-algehra M and let (Tq 
he a (normal) representation of M on a Hilhert space H. The representation 
of H°°{E) on J^{E) H induced hy (Tq is defined to he the restriction to 
H^{E) ofa^^^'l 

7-( 

Observe that the covariant representation (T, a) determined by ctq is 
given by the formulae 

cr = 0-^^^^ o ^00 = ^oo® Ih (2) 

and 

m=a^^'^\T^)=T^®lH, (3) 
^ E E. We also say that (T, cr) is induced hy ctq. 

Remark 2.7 It follows from Theorem 6.23 of |^ that a^^^^ is a faithful 
representation of H°°{E) if a is a faithful representation of M. Most of the 
time, we will he dealing with faithful representations of M , and when non- 
faithful representations may arise we will go to great lengths to supplement 
them to yield faithful representations. (See Definition }^. 15\ and the discussion 
related to it.) 

2.3 Duals and Commutants 

In order to identify the commutant of an induced representation, we intro- 
duced concept of "duality" for correspondences in j2H|- Since it plays an 
important role in the present investigation, we outline its salient features. 
Given a Vr*-correspondence E over the W^*-algebra M and given a faithful 
normal representation a of M on a Hilbert space H, we set 

= {rie B{H, E(^,H)\ r]a{a) = {ip{a) O Ih)v, a e M}. 

Then E"^ is a bimodule over a{M)' where the right action is defined by 
rjS = rjoS and the left action by S-rj = {lE®S)ori, for rj G E"^ and S G (t(M)'. 
In fact, E"^ is a iy*-correspondence over (t(M)', where the inner product is 
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defined by the formula (771,772) = ViV2- Tliis correspondence is called the a- 
dual (correspondence) of E. Write i for the identity representation of (t(M)' 
on H. Then we may form the H^*-correspondence {E")'' over a{M)" = 
cr(M). Since a is faithful we can view this as a correspondence over M. 
As we shall outline, {E'^)'' is naturally isomorphic to in a way that sets 
up an isomorphism between the commutant of the representation of H°°{E) 
induced by a and the image of H°°{E'^) under the representation induced by 
L. The latter acts on J^i^E") ®t H. 

For a given ^ G -E we define the operator : H ^ E ®cr H by the 
equation L^h = ^® h. It is evident that is a bounded operator and that 
its adjoint is given by the formula L*^{C ® h) = cr((^,C))^ for ^ G -E and 
heH. 

Proposition 2.8 

(i) WR Theorem 3.6]For every ^ E E let ^ : H ^ E'^ ®^ H he defined by 
adjoint equation, 

Civ^h) = qi7]ih))eH, 

r]®h G E'^ ®H . Then ^ G {E'^Y and the map i ^ ^ is an isomorphism 
of W* -correspondences (that is, it is a himodule map and an isometry). 

(a) Lemma 3.7]For two W*- correspondences Ei and E2 over M, 

{El © E2y = El ® E^ 

and 

{El E2Y = E^ ®,(M)' El 

The second isomorphism is given by the map that sends rj2 ® rji G 
^2 ®aiMy El to {Ie, ® V2)vi e (^1 (S)M E2Y. 

Concerning part (i) of Proposition 12.81 it should be noted that since 
Tj G E" ^ rj is an operator from H to E ®„ H . Thus ri{h) G E H for all 
h E H and L*^{ri{h)) makes good sense as an element of H. 

With the notation we have established, we also have 

Proposition 2.9 In the notation of Proposition the formula 

Uk{i®h) = m, 
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^ G E^'^, h E H , defines a Hilbert space isomorphism Uk from E®^ ®„ H 
onto {^E")®^ ®i H. The inverse is given by the formula U*{r] ^ h) = ri{h), 
r]®he {E")®^ ®, H. The direct sum of the Uk, U := J2k>o Uk, %s a Hzlbert 
space isomorphism from J^{E) H onto J-'{E'^) 0^ H . 

The following result, [2HI Theorem 3.9], identifies the commutant of an in- 
duced representation in the fashion promised. The theorem is an analogue of 
the assertion that the commutant of the unilateral shift is the weakly closed 
algebra generated by the unilateral shift. In Theorem 14.11 it will be gen- 
eralized to the "model-theoretic" version of the commutant lifting theorem 
proved by Sarason 

Theorem 2.10 Let E be a correspondence over the W*-algebra M and let 
a : M ^ B{H) be a faithful normal representation of M on the Hilbert space 
H. Write a-^^^^ for the representation of H°°{E) on J^{E) 0a- H induced by 
a, write i^^^"^^ for the representation of H^{E'^) on !F{E'^) ®^ H induced by 
the identity representation l of a{My on H and write U : J^{E) H ^ 
J-'{E'^) (8>t H for the Hilbert space isomorphism described in Proposition \2.iA 
Then the commutant of a^^'^\H^{E)) is U*l^^^^\H°^{E''))U . 

Extended Remark and Notation 2.11 One of the principal achievements 
of '^281 was the representation of elements of H°°{E) as functions on the open 
unit ball of E. This representation plays a role here, but with a twist. To 
understand what we need in more detail, assume that a is a faithful represen- 
tation of M in B{H) and let rj be an operator in the open unit ball of E'^ , then 
rj* : E ®a H H intertwines ^{a) ® Ih and a (a) for every a E M. Thus, 
there is a representation {T,a) of E such that rj* = T [22, Lemma 2.16]. 
Since \\T\\ < 1 the representation T x a ofTj^{E) on H can be extended to a 
a-weakly continuous representation, also written T x a, of H°°{E) (see \2^ 
Corollary 2.14])- So, given X G H'^{E), we define 

X{i^) = {Txa){X)eB{H). 

That is, each X G H°^{E) gives a B (H) -function defined on the open unit ball 
of E'^ . The properties of this functional representation ofH°°{E) are explored 
in . We point out, however, that in general the functional representation 
of H°°{E) is not faithful. That is, X{ri) can vanish for allrj in the open unit 
ball of E" without X = \2^ . Nevertheless, the function theoretic point of 
view proves very effective for studying and unifying a wide variety of problems 
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in operator theory. In particular, in \28^ . we proved a general version of the 
Nevanlinna-Pick interpolation theorem, which contains an enormous number 
of operator theoretic variants of the classical result as a special cases. 

In this paper, we shall use the identification of E with {E^Y through the 
map in part (i) of Proposition to view elements of H°°{E'^) as 

functions on the open unit ball of E. More importantly, we shall use the spa- 
tial identification of the commutant of a^^'^\H°°{E)) with l^^^''\H'^{E'')), 
given in terms of U and described in Theorem \2.1IA to view elements in 
(a-^^^\H°°(E))y as functions on the open unit ball of E. 

Thus, we adopt the following notation: If E {(J^^^\H'^{E)))' , then ^ 
will denote the element in H°°{E'^) defined by the formula 

^ := {i^^^^Y\UW*), (4) 

where U : J-'{E)^„H —>■ J-'{E'^)^^H is the Hilbert space isomorphism defined 
in Proposition \2. 91 Note that i^^^"^^ is faithful since l is (Remark \2. 7}) . We 
shall also write equation ^ as 

^ Ih = um*. (5) 

We shall then want to evaluate \1/ on the open unit ball of E. On the other 
hand, given an element S G H°°{E'^), we shall write S for the operator in 
the commutant of a^^^\H'^{E) ) given by the formula 

E:=U*L^^''^\E)U = U*{E0Ih)U. (6) 

Thus, evidently, we have = \1/ and (H) = S. 

This notation is, of course, suggestive of the idea that the Hilbert space 
isomorphism U in Proposition \2.iA should be viewed as some sort of gener- 
alized Fourier transform. The analogy turns out to be more than one built 
from notation. Accordingly, we shall call U : J^{E) (g>o- H —* J-'{E'^) ®t H the 
Fourier transform determined by a. Also, given ^ G {a'^^^\H°°{E)))' , we 
shall \l/ the Fourier transform o/\l/, ifEE H°°{E'^), then E will be called the 
inverse Fourier transform of E . 

3 Characteristic Operators and Characteris- 
tic Functions of Representations 

In the model theory for a single contraction operator on Hilbert space, the 
role of the characteristic operator function is to "locate" the Hilbert space 
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of the operator in the Hilbert space of its minimal isometric dilation. In [22] 
we successfully constructed isometric dilations of representations of H°°{E). 
(Actually, in |22] we worked with C*-correspondences over C*-algebras. Ad- 
justments necessary to handle representations of H°°{E), when E is a. W*- 
correspondence, were made in [28|.) We therefore begin by briefly recapping 
aspects of the theory we shall use. 



3.1 Isometric Dilations 

Let E he a l^*-correspondence over a iy*-algebra M and let (T, a) be a 
completely contractive covariant representation of on a Hilbert space H. 
Then {T,a) has a "minimal isometric dilation", {V,p), defined as follows. 
Recall that the map T : E ®„ H ^ H defined by the equation ® h) = 
T{C,)h is a contraction that satisfies the equation T{ip{a) <^Ih) = cr{a)T. We 
set A := (/ - T*T)i/2 ( in B{E H)), A, := (/ - ff*^/^ (in B{H)), V : = 
A{E H) and := A*(_f/'). Observe that on account of the intertwining 
equation T{(p{a) (S> In) = cr{a)T, reduces cr, while V reduces ip{-) ® Ih = 
o ip{-). Also we write -D(0 ■= A o : H ^ E (^^j H , & E, where, recall, 
: H ^ E ®^ H IS the map L^/i = ^®h, heH,^eE. Note, too, that 
T{0 = foL^. 

The representation space i^' of (V, p) is 



K = H ®V®{E®a,V)® {E'- 



V) 



where ui is defined to be the restriction to "D of </?(■) The representation 
p, in the isometric dilation (V, p) for (T, a), is defined to be p = a(Bcri oip^. 
That is, p = diag{a,ai,a2, . . .) where ak+i{-) = erf® o (fk{-) = ipi,{-) 
acting on i?®*^ The map V : E 

matrix 



V{0 



I m 

m 




V 






k 





B{K) is defined in terms of the 
■ \ 



(7) 



/ 



where we abuse notation slightly and write Lc also for the map from E 
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V to ^^("^+1) (g)^^ V defined by the equation L^{ri ®h) = {S,®7]) rj ®h e 



V. 



Definition 3.1 Let E he a W* -correspondence over the W* -algebra M and 
let (T, cr) he a completely contractive covariant representation of E on the 
Hilbert space H. Then the isometric covariant representation {V, p) just con- 
structed is called the minimal isometric dilation of (T, a) . 

The representation {V, p) is minimal in the sense that the smallest sub- 
space of K that contains H and reduces the set of operators {V{^) \ C, e 
E} U p(M) is all of K. Thus the terminology is justified. We note also that 
{V, p) is unique up to unitary equivalence [221 Proposition 3.2]. 

If we let : £^ ®p — i> be the map that sends to V{^)k, then V 

be written as the infinite matrix 



V 



/too 

A 
0/0 
0/ 

V 



(8) 



/ 



where the identity operators are interpreted as the maps that identify E®^^^-^^ 
with It is then an easy calculation to see V*V = I 

on K, so that V is an isometry (which confirms our assertion that (V", p) is 
an isometric dilation of (T, a)), and that 



VV* 



( 

AT* 


V 



TA* 
A2 
/ 



\ 



(9) 



/ 



a calculation that we shall use in a moment. Let T„ : E®'^ ® H ^ H he 
the n*'^-generalized power of T f Remark 12. 5|) and similarly let Vn, mapping 
£j®n ^ X to K he the n*''-generalized power of V. Then, of course, each 
T„ is a contraction, while each Vn is an isometry. Also, as we mentioned in 
Remark 1^31 Vn+m = Vn{In'^Vm) = Vm{Im®Vn) , whcre In is the identity map 
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on E"^"^. The importance of the Vn for our purposes is that they implement 
endomorphisms of the commutant of p{M). Indeed, if we set 

L{x) =V{Ie(E)x)V*, 

X G p{My, then L is an endomorphism of p{M)' and 

U\x) = Vn{lE®x)V:, 

for all n > and x G p(M)'j21l Lemma 2.3]. It follows easily that for a 
subspace M. oi K that is invariant under p{M), the range of L^^Pm) is the 
span 

sjmn{V{i{) ■ ■ ■ V{in)h : /i G 6, a e i?}. 

Definition 3.2 A subspace M. of K that is invariant for p{M) is called a 
wandering subspace, and the projection Pm of K onto Ai is called a wan- 
dering projection, if for every n ^ m, L^^Pm) o,nd L"^{Pm) are orthogonal 
projections. For such a subspace we shall write Lao{M.) for the range of 

Note that, whenever C AT is a wandering subspace, the map Wm '■ 
T{E) ®pM ^ L^{M) defined by sending ii®---®in®ke E®"" ®p M to 
V{^i) ■ ■ ■ V{^n)k G Loo(Al) is a Hilbert space isometry. Note, too, that for 
a G M and ^ G -E, we have 

WM{^oo{a) ® Im) = p{a)WM (10) 

and 

WM{Ti:®lM) = V{OWM. (11) 

We also write P„, for VnV*, so that Pn = L"'{I). Of course Pi is given 
by the matrix Q. Then {Pn}'^=i is a decreasing sequence of projections in 
p(M)'. We set Q„ = P„ - P„+i and Qo = / - ^i, so that Qk = I- Poo, 

where Poo = APn- By [211 Corrolary 2.4], Qq is a wandering projection, 
Qk = L'^iQo) and := EZoL'iQo) = EZoQk = I - Poo- 

Lemma 3.3 With the notation just established, we have for every ^ G i? 
and m > 0, 

and 
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Proof. For A; e we have V{^)Qmk = Qmk) = V{I ® Qm){^ ® 
k) = V{I ® Q^)V*V{i ®k) = Qm+iV{i)k. □ 



If we let po be the restriction of p to the range of Qq, then it follows from 
Theorem 2.9] that iV^p) may be written as the direct sum 



where {Vind, pind) is (unitarily equivalent to) the representation of E that 
is induced by po, while (K>o,Poo) is the restriction to Poo{K) and is fully 
coisometric in the sense of 1211 i2H|; meaning that Voo is a coisometry. 
Thus, Voo is a unitary operator on Pao{K). 

3.2 C.N.C. and C.q Representations 

Our goal is to describe how H sits in the dilation space K. The analysis 
we present follows Sz.-Nagy and Foia§, as one might imagine. However, 
there are some important refinements that are due to Popescu ^2] and we 
need to extend these to our situation. As a first step, we have the following 
observation, which may be "dug out of [2H1 (see Lemma 7.8, in particular.) 
However, since we need a bit more than is explicit there, we present a proof. 

Lemma 3.4 Write Kq for the range, Qq{K), of the projection Qq. Then 



(a) The map u that sends Alh(B {—AT*h) to A^h is an isometry from Kq 
onto P*. 

(Hi) The equation p{a)u = a{a)u = up{a) holds for all a G M. 

Proof. /^From the minimality of K it follows that Ik = V5^qL"(P//) = 
Ph V Pi. Since Qq and Pi are orthogonal, by definition, we have Qo{K) = 
Qq{H). The other equality follows when we write Qo matricially as 



(V,p) = (yind,Pind) © (Ko,Poo) 



(t) Ko = QoiH) = {A2/i © {-AT*h) -.heHjCHeV. 



Qo = I- VV* 



/ Ih-TT* 
-AT* 




-f A . . . \ 

/-A2 




V 
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as we may, by equation Q. This proves (i). For (ii) we compute: 

{Alh © (-AT Alh © {-Af*h)) = {A% h) + (f A^f h) 

= {AliAl + ff*)h,h) = {Alh,h), 

which proves the assertion. The proof of part (iii) is immediate from the 
following computation, which is valid for all a G M and h & H: 

p{a){Alh © {-Af*h)) = a{a)Alh © (^(a) © /i^)(-Af * h) 



Ala{a)h © (-A(^(a) © ///)T*/i) = Ala{a)h © {-Af*a{a)h). 



□ 



The following terminology is adopted from P^ I33j. which, in turn, derives 
from the work of Sz.-Nagy and Foia§ (see pT]). 

Definition 3.5 

(i) A covariant representation {T,a) will be called a Co-representation if 
Poo = (equivalently, if K = Loo{Kq)). 

(ii) A covariant representation {T,a) will be called completely non coiso- 
metric (abbreviated c.n.c. ) in case K = Loo{Kq) V Loo(T>). 

Remark 3.6 It is shown in Remark 7.2 of 128^ that given a covariant rep- 
resentation (T, a) of E on a Hilbert space H , then H may be written as 
H = Hi ® H2 so that if T and a are written as matrices relative to this 
decomposition, then 

'ax 

(T2 

i.e., a is reduced by Hi and H2, and 



a 



T(-] 



X(-] 







where (Ti, cti) is a covariant representation that is c.n.c. and where (T2, (72) is 
a covariant representation with the property that all the generalized powers of 

T2 are coisometries. Further, H2 may be described as {h ^ H \ T*h = \\h\\ 
for all n}, i.e., H2 is the largest space on which all the generalized powers T* 



act isometrically. Thus 
vector h such that T*h 



T,a) is c.n.c. if and only if there is no non-zero 
= \\h\\ for all n. 



16 



For our purpose here, the significance of the concept "c.n.c." is the con- 
dition in the second of the following two lemmas. The first is Proposition 
7.15 of while the second is Lemma 7.10 of ^28^ . 

Lemma 3.7 Let (T, a) be a covariant representation of a W* -correspondence 
on a Hubert space H and let (V, p) be its minimal isometric dilation acting 
on K . Then the following conditions are equivalent. 

(i) {T,a) is of class C.q, i.e. P^o = 0. 

(a) /\VkV^ = 0, which happens if and only if ||V^fc*A;|| for all k E K. 

(Hi) T^T^ —>■ in the weak operator topology on B{H), which happens if 
and only if \\T^h\\ —>■ for all h E H . 

(iv) {V, p) is an induced representation. 
So, in particular, if \\T\\ < 1 then {T,a) is a C .^-representation. 
Lemma 3.8 

(i) Every C .^-representation is c.n.c. 

(a) A representation is c.n.c if and only if Poo (K) = Poo(-^oo(^^))j which 
happens if and only if P^o^H) C Poo{Lao{T>)). 

We record here for the sake of reference the following statement, which is 
part of Theorem 7.3 of 2Sj|. 

Theorem 3.9 // (T, a) is a completely contractive covariant representation 
of a W* -correspondence on a Hilbert space H, and if (T,a) is completely 
non-coisometric, then T x cr extends to an ultraweakly continuous, completely 
contractive representation of the Hardy algebra, H°°{E), on H . 
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3.3 Characteristic Operators 

We now turn to the construction of the characteristic operator and the char- 
acteristic function associated to a covariant representation. At the outset, 
we do not require that the representation is c.n.c. We fix a completely con- 
tractive covariant representation (T, a) acting on the Hilbert space H. We 
maintain the notation just developed. However, we shall write Woo for the 
Hilbert space isomorphism that we would have written Wkq earlier in order to 
lighten the notation. So Woo is a Hilbert space isomorphism from T{E) ®pKq 
onto Loo{Kq) that satisfies (fTUj) and (fTTj) (with Kq in place of A4). We also 
write u for the isometry from Kq onto described in Lemma It induces 
an isometry, written Ij^(e) ® u from J-'{E) ® Kq onto J-'{E) V^. 

Definition 3.10 Let (T, a) be a completely contractive covariant representa- 
tion of the W* -correspondence E over the W* -algebra M and let (V,p) be the 
minimal isometric dilation of {T,a). Also, in the notation just established, 
let Ti be the restriction of p to V and let T2 be the restriction of p (or a) to 
V^. Then the operator 9^ defined from J-'{E) ®p V to J^{E) ®p by the 
equation 

Qt := {Ihe) ® u) o W*oo{I - Poo)Wv (12) 
is called the characteristic operator of the representation {T,a). 

Remarks 3.11 

(i) Evidently, 6^ is a contraction. Indeed, since Woo andWx) are 

all isometrics, the "only" things that keep Qt from being an isometry 
are the relations among the range of Woo, the range of I — Poo and W-d- 
Further, given the calculations involving Woo, I — Poo and Wv that we 
have made so far, it is clear that Qt carries some information about the 
location of H in the space of the minimal isometric dilation of (T, a) . 
Our goal is to show that under the assumption that our representation is 
c.n.c, it carries all the information and is a complete unitary invariant 
for the representation (T, a) . 

(a) We frequently will want to refer to the entire system, {Qt, T^, ti, T2), 
as the characteristic operator for the covariant representation {T,a). 

(Hi) By definition, T2 is the restriction of a to V^. By definition of the 
minimal isometric dilation of{T, a), {V, p), ti really is the restriction of 



18 



aoif to T> regarded as the zero component in the natural decomposition 
of J^{E) V. See Definition\T^ 

(iv) Although By is defined to be a map between the two Hilbert spaces, 
J^{E) (g> and J^{E) ® "D^, which are different, in general, we shall 
occasionally identify G-p with the 2x2 operator matrix 

( ' ') 

\&T J 

Several basic properties of are established in the following lemma. 

Lemma 3.12 The characteristic operator By is a contraction that satisfies 
the equations 

{ifooia) ® IvJ&T = Qri^ocia) ® Iv), aeM (13) 

and 

Bt(T^ ® Iv) = (T^ ® IvJQt, ieE. (14) 

That is, Qt intertwines the representations of H°^{E) induced by Ti and T2. 
Further, if {T,a) is a C.Q-representation, then Q^o = I, i-e.. Poo = 0, and 
Qt is an isometry from J^{E) ® T> into J^{E) (g> 'D^,. 

Proof. We already have remarked that Bt is a contraction. The other 
parts of the lemma are immediate consequences of equation ()1()|1 . Lemma mi 
Lemma ESI and the equations WviT^ ® Iv) = Vi^^v and W^V{^) = 
(T^ Iko)W^, which are easy to check. □ 

As we shall show in Theorem 13. 191 there is a conditioned converse to the 
last assertion in Lemma [3.121 

The representations ti and T2, defined above, need not be faithful. Indeed, 
they need not even be jointly faithful. This will have to be accommodated 
in our analysis. Accordingly, we let e be the central projection in M such 
that Ker^Ti © T2) = eM. The following lemma reveals its significance. 

Lemma 3.13 The projection e is the largest central projection q in M such 
that the operator cr{q)T is a partial isometry with initial space f{q)E H 
and final space a{q)II. 
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Proof. The projection e is the largest central projection q with Ti(g) = 
T2((3') = 0. But this holds if and only if both the restriction of (j{q) to /\^H and 
the restriction of ip{q) ®Ih to A{E(^H) are equal to zero. This is equivalent 
to the requirements that a{q){lH-ff*) = and {^{q)®I){lEm-T*f) = 0. 
Since (y{q)T = T{ip{q) /), the proof is complete. □ 

Corollary 3.14 // either \\T\\ < 1 or M is a factor, then Ti © T2 is faithful 
and e = 0. 

3.4 Characteristic Functions 

The technology involving the theory of duality that was developed in j2H], 
and is summarized in Section |2l requires faithful representations of the W*- 
algebras in question. Since ti®T2 need not be faithful, we will "supplement" 
it to build a faithful representation of M. For this purpose, we introduce the 
following terminology. 

Definition 3.15 Fori = 1, 2, let ti : M B{Si) be a normal representation 
of M on Si and let e be the central projection such that ker(ri © T2) = eM. 
Chose a faithful representation ttq of M on a Hilbert space Hq and let tq be the 
representation of M on 7ro(e)ifo obtained by restricting ttq to eM. Form the 
Hilbert space S := ttq{Hq)Q)Si(BS2 md letr := TqQ)TiQ)T2 be the (necessarily 
faithful) representation of M on S. Then we call E a supplemental space for 
the pair of representations T\ and T2, we shall call the representation t of M 
on S a supplemental representation and we shall simply call the pair {S, r) 
a supplement for Ti and T2 . 

Evidently, if ri and T2 are jointly faithful, then {£1 © £^2,ti © T2) is the 
only possible supplement for ri and T2. We shall see shortly that the use of 
supplemental spaces and representations is a matter of convenience only and 
that the constructs we consider do not depend in any material way on the 
choice of ttq used to define them. 

Suppose, now, that (9t, V^, ti, T2) is the characteristic operator deter- 
mined by a covariant representation (T, a) of E. We fix once and for all a 
supplement {Q, r) for Ti and T2 and we consider T{E) Q as written as the 
direct sum 

T{E) ®rQ = {J^{E) ^0) © {J^{E) V) © {J^{E) V,). (15) 
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Corresponding to this direct sum decomposition of J^{E) ®a- G, we shall 
identify G-r with the block matrix 

\ 

0. (16) 
Bt / 

Since 0t satisfies equations (fT^ and (fT^ . it follows that this block matrix 
actually lies in the commutant of t'^^^\H^{E)). Hence we may take its 
Fourier transform relative to r as in Remark 12.111 obtaining an element 
Gt e H^{E^) such that 

Q^(^Ig = UQtU*, (17) 

where U is the Fourier transform from J^{E) 0^ Q onto J^{E'^) ®t Q defined in 
Proposition l2.9l Since elements of H°°{E'^) may be viewed as functions on the 
unit ball of E (see Remark |2. 11 1) . we will think of Qt as being so represented 
when we wish. The following lemma records some of the properties of this 
transform and shows that it does not really depend on the choice of r and Q. 

Lemma 3.16 Let be the element of H°°{E^) defined in equation 
using the Fourier transform U from J^{E) ®t Q onto J^{E'^) ®t Q- Also let qi 
he the projection from Q onto T) and q2 be the projection onto T>^ . Then both 
qi and q^ lie in t{M)' , and 

(i) U*{qi ® Ig)U = I:f(E) ®qi,i = 1,2. 

(a) Qt = (l2^T<li and, if iT,a) is a C .^-representation, then Q^Qt = qi. 

(Hi) For every ^ e E with \\^\\ < 1, g20T(OQ'i = 0t(O- 

Proof. To prove (i), recall first that, for t]i, . . . ,rik in E'^ and h & Q, 

U*{r]i® rjk ®h) = (/s«(fc-i) ®T]i)--- {Ie O r]k-i)Vkih). 

For q G t{M)' and rj G -E"^, we have q -rj = {Ie ® q)f]. (This is the left action 
of t{M)' on E'^.) Thus, for such q, 

U*{q®Ig){r]i®...®r]k®h) = U* {qr]i ® . . . ® r]k ® h) = 

= {lE»k(g)q){lE<s(k-i)(^i]i) ■ ■ ■ {lE®Vk~i)Vk{h) = {lE»k(g)q)U*{r]i(g). . .®rik®h). 
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This proves (i). From the construction of the operator G^- above it follows 
that Qt = {Ir{E) ® g2)0T(/^(£;) ® Qi)- Thus, using (i), UBtU* = U{I:f{e) ® 
q2)U*UeTU*U{I^^E) ® qi)U* = {q2 ® Ig)UQTU*{qi ® Ig). Since Qt ® Ig = 
UQtU* 1 we proved (ii). For X G H°°{E'^), X{^) is the image, under a certain 
representation of H°°{E'^) defined by ^, of X. Thus the map X i— > -^(0 
multiplicative and it carries elements of r(M)' to themselves. Part (iii) thus 
follows from part (ii). □ 

The lemma shows that g20r(O9i — 0t(O for ^ the open unit ball 
of E and so we may view Qt as a function from the open unit ball of E to 

The properties of By will be formalized in the following definition. 

Definition 3.17 Given a W*-algebra M and a W*- correspondence E over 
M, a characteristic function is a system (9, £^2, Ti, T2) with the following 
properties: 

(i) For i = 1,2, St is a Hilhert space and Ti is a representation of M on 
Si. 

(ii) If {S,t) is a supplement for ti and T2, and if qi is the projection of 
S onto £i, i = 1,2, then Q is a contraction in H°°{E'^) satisfying 
e = g20gi- 

//, in addition, 6 satisfies 9*0 = qi then 9 will be called an inner char- 
acteristic function. 

Very often we shall write 9 for the tuple (9, £^1, £^2, Ti, T2)- Also, given a 
characteristic function, we shall freely use the notation set in Definition 13.171 
(i.e. Si, Ti and qi). 

Definition 3.18 If{T, a) is a covariant representation of the W* -correspondence 
E, then the system {Qt, 1^, 1^*,ti, T2) defined by equation (fTTp , or simply Qt, 
will be called the characteristic function of the representation (T, a) . 

The following result is familiar from the theory of single operators. It is 
the "converse" of Lemma 13.121 

Theorem 3.19 Let E be a W* -correspondence over a W*-algebra M and 
let (T, 0") be a c.n.c. representation of E on the Hilbert space H. Then the 
characteristic function Qt of the covariant representation (T, cr) is inner if 
and only if (T, cr) is a C .^-representation. 
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Proof. Lemma 13.121 shows that if (T, a) is a C.q representation, then 
Qt is an isometry. Consequently, G-r is inner. To prove the converse, observe 
that from the definition of Gt, equation (fT^ . Gt is an isometry if and only 
if Loq{V) C Loo{Ko). However, by our assumption that (T,a) is c.n.c, we 
know by definition fDefinition l3.5p that Loo{T^) VLoo(-ft'o) = K. Hence, if Gt 
is an isometry, so that L^oiT)) C L^{Kq), we conclude that Loo(-K'o) = K. 
Hence by definition fPefinition 13. 5j) . (T, a) is a C.q representation. Since Gt 
is an isometry if and only if Qt is inner, the proof is complete. □ 

3.5 Pointwise Evaluations 

Of course several natural questions arise at this point: Is every characteristic 
function the characteristic function of some representation? If so, how is 
the representation constructed? What is the level of uniqueness among the 
constructs? Before tackling these, we first compute the values Gt(0 for the 
characteristic function of a covariant representation (T, cr). The calculations 
will play roles in the sequel. The initial step of our analysis is the following 
computation. 

Lemma 3.20 Let Pv (resp. Pv^) denote the projection of T{E) ®r = 
T> ® {E V) ® ■ ■ ■ onto the zeroth summand, T> (resp. the projection of 
T{E) ®T T^* onto the zeroth summand T>^). Also, for ^ G -E, ||^|| < 1, write 
L^0k for the operator from J^{E) ® T>^, to T{E) ® T>^ defined by formula 
L^^ikT] ®h = ®ri®h, when k > 1, and let L^®o be the identity operator. 
Then for every ^ in the open unit ball of E and every g 

oo 
k=0 

where, recall. Woo '■ ^{E) ® Kq ^ K and u : Kq ^ are the isometrics 
defined above. 

Proof. Note first that, since ||^|| < 1, the sum converges. To establish 
the formula we shall fix such a and show that for every R e H°°{E'^) and 
every g eV, 

oo 

RiOg = Y,PgLl^uU*{R®Ig)Ug (18) 

fe=0 
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where, recall, Q is 7ro(e)ifo (B T> (B T>^: and U is the Fourier transform from 
J-'{E) ®^ Q to J-'{E'^) ®^ Q, while Pg is the projection of T{E) 0^ ^ onto 
the zeroth summand. When R = Qt we will obtain the desired result since 
U*{QT0lg)U = Qt- Suppose first that R = if^ip) G H°^{E^) (with 6 G M). 
Then R{C,) = b hj definition. Computing the right hand side of (fTHj) we get 
first U*{ipoo{b) ® Ig)Ug = U*bg = bg and, thus, the only non zero term in 
the sum is the one corresponding to = 0. In this event the sum is then 
equal to bg, proving the equation for constant functions. Now fix m > 1 , let 
T] = r]i®r]2---®r]m e (E^)^"" and let R = e H^{E^). Then, from the 
definition of -R(0; 

m = {T,m ■ ■ ■ {T,J{i) = iqr^i) ■ ■ ■ iqvn.) 

where rji is viewed as a map from Q into E ®rQ and, thus, L^r^j G B{Q). 

To compute the right hand side of (|18p in this case we first compute 
U*{T^^Ig)Ug = U*{r]®g) = r/i) ■ ■ ■ {I e- ® Vm-i)r]ra{g) ■ It then 

follows that the only non zero term in the sum is the one that corresponds 
to k = m. A simple computation shows that 

I/|®™(/(£;r)®(m-i) ® Tji) ■ ■ ■ {I ® r]m~l)Vm{9) = (LlVl) ■ ■ ■ {Ll'nm)g- 

This, by linearity, proves (fTH|) for a a- weakly dense subset of H°°{E'^). Since 
both sides of the equation are a- weakly continuous (as a function of R), 
equation (fT5|) follows. □ 

To use lemma I3.2UI to calculate the values of QriO^ compute the 
series appearing in the lemma term by term. For = we have Pv^^tQ = 
Pv^uW^Qoog = uQog for all g eT>. Suppose g = A{9 ®h),e®heE®rH. 
Then 

uQ^g = uQoA{e h) = u{-fA'^{e ® h) + {Ij, - A'^)A{e ® h)) = 

= u{-Alf{e (^h) + Af*f{e ® h)) = -A,f{e ® /i) = -fA{e ® /i) = -fg. 

Since vectors g of the form A{6 ® h) generate V, we see that 

uQo\V = -f\V (19) 

and, thus, the zeroth term in the expression of 0(0 is —T. To compute the 
other terms recall first, from equation (jH}, that we can write V* matricially 
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as 



V* 



( f* A . . . \ 

0/ 




V 



(20) 



Thus, for g eV, V*g = Ag and V*g = {Ie O V*)V*g = {Ie O f*)Ag. In 
fact, for every k > 2, 

Vk*9 = (/e^c^-d ® T*) ■ ■ ■ {Ie ® f*)Ag 

for g eT>. 

The next term {k = 1) apphed to g = A{6 ® h) is 
miE ® M)Vr4gooA(^ ® /i) = ® m)W^^\/(Js ® go)V^*A(^^ ® /i) = 

= Ll{lE®uQo)V*A{9^h). 

Using the comments above, V*A{9 h) = A^{6 ® h). Also, for h G H, we 
have 

uQoh = u{Alh © {-Af*h)) = A,h, 

by lemma E31 Hence LI{Ie ® uQo)V^A{e (g) h) = LI{Ie ® A,)A\e ® h) = 
A^:L^A'^{6 ® h). It follows that the term that corresponds to A; = 1 in the 

expression of Ot(0 A,,L|A. Continuing in this fashion, we see that for 
k > 2 and g = A{6 ® h) , we have 

L*^^u{lE®k ® u)W;;J/k{lEm ® QolV^g = L^^kilE^^ ® uQo)V^A{e ®h) = 

= Ll^,{lEm ® A,)(/^j,(fe-i) ® T*) ■ ■ • (Jij ® f*)Ag = A,mf*f-^L*Ag. 

Thus the kth term in the expression of 6t(0 is A^,(L|T*)''"^L|A. We now 
summarize the discussion above. 

Theorem 3.21 The values of the characteristic function Qt on the open 
unit ball of E can be written as 



GtIO = -T\V + A^{Llf*f-^LlA\V = - f\V + A,(/ - Llf)-^LIA\V. 



k=l 
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Remark 3.22 Theorem \3.21\ may he viewed as a realization formula associ- 
ated with the unitary operator matrix 

(See e.g. |7y .) Evidently, it is an exact analogue of the formula for the 
characteristic operator function for a single contraction operator 



3.6 Models from Characteristic Functions 

Suppose we are given a characteristic function (0, £^2, ti, T2) and form 
e := U*{Q (g) l£)U where, recall, S := 7To{e)H ®Si®S2 is the Hilbert space 
described in Definition 13. 171 and U : J-'{E) ®^ £ ^ J-'{E'^) (g)^ S is the Fourier 
transform described in Proposition 12.91 and Remark 12.111 Then B commutes 
with the operators ® Is and V3oo(fl) ® Is for ^ G -E and a G M. Since 
O = g20Q'i; we can use the argument of the proof of Lemma 13.161 (i) to 
show that U*{qi O /^)f/ = /^(s) (g) g^, z = 1,2, and, thus, Q{T{E) O Si) = 
U*{QJ^{E^) (S)S) = U*{q2 ® I){Qt{e^) ®S)(Z J^{E) ® £2- It follows that, 
for ^ G -E and a G M, 

Qm(E)Is,) = iT^®Ie,)Q (21) 

and 

e(<^oo(a) ®l£j = {ifooia) (S)l£,)Q (22) 

Our objective is to show that there is a covariant representation (T, a) 
of E such that 6t = Q- To this end, we write Ag, = {Ij^(e)»£i - 6*6)^/^ G 
B{J^{E) £1) and set 

K{Q) := {T{E) ®r, £2) © Ae(J^(^) £1) C T{E) ®r £ (23) 

and 

H{e) := {{:F{E)®r,£2)®^dHE)®^)em®Aei I e e ^(^)®,, A}. 

(24) 

Note that if 6 is inner, then 6*9 = U*{qi <® l£)U = It{e) <8 qi and so 
Ae = 0. Thus, in this case K{Q) = J^{E) £2 and H{e) = {J^{E) 

£2)ee{j^{E) ®r,£i)- 

We shall also write Pq for the projection from K{Q) onto H{Q). 
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Lemma 3.23 Let Q be a characteristic function and let Q, K{Q) and H{Q) 
be the operator and spaces just defined. For every a ^ M and ^ E E we 
define the operators Sq{^) and ip0{a) on Aq{J^{E) (g) Si) by the formulae 

Se(0^e9 = ^e(T^ ® h,)g. 9 e :F(E) (25) 

and 

Ma)^09 = ^eiVoc{a)®l£,)g, geJ'{E)®£i. (26) 
Also, we define the following operators on K{Q): 

and 

Pe (a) = i^oo (a) ® h,) ® (a) • (28) 

Then 

(i) {Ssj'ipe) (ind (Ve,pe) are isometric covariant representations of E on 
Aq{T{E) <S) Si) and K{Q) respectively. 

(a) The space K{Q) Q H{Q) is invariant for (Ve,pe) O'^d, thus, the com- 
pression of {Vq,pq) to H{Q), which we denote by (Tiq,(Tq), is a com- 
pletely contractive covariant representation of E. Explicitly, 

TeiO^PeVemHi^): (29) 

and 

aeia) = PePeia)\H{e), a e M. (30) 

Proof. In (i) it is enough to prove the statement about {80,1^0). 
We shall write A for Aq. Then, for ^ e E , a, 6 G M and ^ G J^{E) O Si, 
S0ia^b)Ag = A{Ta^^®h,)g = A{if^{a)T^ip^{b)®Ie,)g = 7/'e(a)5e(0V^e(&)A^ 
This proves the covariance property. Since {^oo{,o)®Is2)^ = ^{Voo{,o)®l£i)-i 
</?oo(q) ® I Si commutes with A and ■^e is a *-representation of M. To show 
that the representation is isometric we compute for r]i<S>hi e !F{E)®Si, i — 1 
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and 2, 



= (A(^i ® r^i O /ii), A(^2 ® ® /i2) 
= (6 ® ® /ii, 6 ® ^2 ® /i2) - (6(^1 ® r^i ® /ii), 6(^2 ® ?72 ® h2)) 
= {r]i (g) hi, ^oo((6, 6))^2 ® h^) - (6 ® 0(m ® /ii), 6 ® 0(r?2 ® /i2)) 

= ® h, V5oo((6, 6))^2 ® /^2) - (e(r/l ® /il), (v^oo((6, ^2))^l£,MV2 ® /i2)) 
= (r/i ® /li, y5oo((6, 6))^2 ® /i2) - {&{Vl ® /il), 0(<^oo((6, ^2))®hJ{V2 ® /i2)) 

= (A(r/i®/ii),V'e((6,6))A(r72®/i2)). 

This shows that the representation is isometric. To prove (ii) all we have to 
show is the invariance of K{Q) H{Q) = {Qg © Ag : g G J-'{E) (g) Si} under 
the representation (VejPe). However, this is an immediate application of 
equations (jUD and (j22I)- □ 

Definition 3.24 Let (0, £^2, ti, T2) be a characteristic function. Then the 
covariant representation (TojCre) on H{Q) defined from in Lemma \3. 
is called the canonical model constructed from 0. // (0, £^1, £^2, ti, T2) is the 
characteristic function of a covariant representation {T,a), i.e., if Q = 0^, 
then (Te,o"e) will be called the canonical model for (T,a). 

We begin to justify this terminology in the following Theorem. 

Theorem 3.25 Let {T,a) be a c.n.c. covariant representation of E, with 
characteristic operator Qt- Let := ©j- be the associated characteristic 
function and {TqjCXq) be the canonical model for {T,cr). Then {T,a) and 
(Te,o"e) are unitarily equivalent. 

Proof. Let H be the representation space of (T, a) and recall the 
definition of Qt in Definition ^1 Note that in the notation of Lemma I3.23| 
= 0. Write 

$1 = W^oo(/^(E) ® u*) : J^{E) ®V,^K 

where K and are the spaces associated with (T, a) and its minimal isomet- 
ric dilation, and where Woo and u are the operators defined in the discussion 
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preceding Definitional Then $i is an isometry whose range is Loo{Kq). We 
also define $2 : A^{J^{E) ®V) ^ Poo{,K) by the equation 

<l>2(Aex) = Poo{Wvx) , X e T{E) ® V. 

Since the representation is c.n.c, Poo(-^oo('P)) = Poo{K) by part (ii) of 
Lemma 13.81 and so $2 is surjective. We show that it is an isometry. For 
this we compute 

IIAe^f = ((/ - 0*6)^,0 = lief - \\{Ihe) ® ^*)m'- 
By definition of 6 = 6t (equation (HH)), the last expression is equal to 

lief - \\w:,QooWva' = WWv^' - WQooWv^r = \\P^Wr,a'- 

Thus $2 is a unitary operator onto Poo{K). Setting $ = $1 © $2 we obtain 
a unitary operator from K{Q) onto K. 

Next we show that $ maps if (O) onto H . Fix x G J^{E) ® "D. Then by 
definition, 

^{Qx © Aqx) = W^{I:f(e) O u*)Qx + P^iW-nx). 

So, if X G with T> regarded as the zero*'^ summand of J^{E) T>, we 
find from the definition of O = 9^ (equation (HH)) that $(6x © Aqx) = 
Woo{Ij^(E) ®u*)Qx + PooiW-Dx) = QoqX + PooX = X. Siucc V is orthogonal to 
H, we see that $(6x© Aqx) G if"^. If n > 1, then ioi x = ^(g)d e E^^^^V, 
we also have 

W^{IriE) ® U*)QX + Poo(H^7?x) = W^{I^(^E) ® W*)(e ® 0^^) + Poo{Vn{m 

Thus, we find that ^{K{Q) © ii(e)) = ^®K(^®")I? = K QH, and it 
follows that $ maps H{<d) onto if. 
Notice also that for & E 

$i(r5 © /) = iyoo(T5 ® t^*) = v(Ow^oo(/ ® t^*) = vio^,, (31) 

while 

<l>2(5(OA0x) = $ 2(A0(T^ © I)x) = Poo{Wv{T^ © I)x) 

= PooiViOWvx) = ViOPooiWj,x) = y(0$2(Aea:). 
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Thus $ intertwines V and Vq. To show that $ also intertwines p and pq, we 
let a e M and compute: 

$i(<^oc(a)®/©J = W^oo(/^(i?)®M*)(<^oo(a)®/) = Vroo(<^oo(a)®/)(/^{i?)®ti*) 

and, for x E J^{E) ® V, 

^2iipeia){A^x)) = $2(A(v9oo(a) ® = Poo(Vr-D(^oo(a) ® I)x) 

= Pooipia)WT)x) = p{a)PooWvx = p(a)<l>2(Aex). 

It follows that the restriction of $ to H{Q) gives the desired equivalence. □ 

Definition 3.26 Let{T,a) beac.n.c. representation of the W* -correspondence 
on the Hubert space H . Let 9 := 9t be the characteristic function for (T, a) 
and let {TQ,aQ) on H{Q) be the canonical model built from O. Then the 
Hubert space isomorphism $ from the Hilbert space K of the minimal iso- 
metric dilation of {T,a) to K{Q) constructed in the proof of Theorem VJ. 2^ 
will be called the canonical (Hilbert space) isomorphism (implementing a 
unitary equivalence between (T, a) and (TejCre)) or simply the canonical 
equivalence for short. 

Remark 3.27 Given a general characteristic function (0, £^2; ti, T2), the 
isometric representation (Ve, pe) on K{Q) defined by equations ([F^ and 
is an isometric dilation of (Te,o"e) hy definition. In general, it need not be 
minimal. However, it will be under hypotheses that we discuss shortly. See 
Lemma U^ 

3.7 Isomorphic Characteristic Functions 

Definition 3.28 Let (B, £^1, £^2, ti, T2) and {Q',S[,S2,t[,T2) be two charac- 
teristic functions. We say that they are isomorphic if there are Hilbert space 
isomorphisms Wi : Si ^ £[ that intertwine Ti and t[, i = 1 and 2, and satisfy 
the equation 

e' = {Ihe) ® W2)Q{Ir{E) ® Wl). (32) 

It follows easily from the way in which a characteristic function is asso- 
ciated to a representation that if two c.n.c. representations are (unitarily) 
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equivalent then the associated characteristic functions are isomorphic in the 
sense of Definition 13.281 Conversely, a moment's reflection on Lemma 13.231 
and Proposition 13.251 reveals immediately that given two isomorphic charac- 
teristic functions, the associated representations are unitarily equivalent. We 
may therefore summarize our analysis to this point in the following theorem 
that asserts that the isomorphism class of a characteristic function of a c.n.c. 
representation is a complete unitary invariant for the representation. 

Theorem 3.29 Two c.n.c. representations are unitarily equivalent if and 
only if the associated characteristic functions are isomorphic. 

Remark 3.30 The notion of isomorphism between two characteristic func- 
tions O and Q' was defined using the operators G and G'. One can also 
write an isomorphism directly in terms of Q and G'. For this, note first that 
if Hilbert space isomorphisms Wi : Si —>■ S- intertwining Ti and t[, i = 1,2, 
exist, then ti © T2 and t[ © have the same kernels. So, if we choose a 
common representation ttq to define the supplements S and S' for these rep- 
resentations, then the Wi 's may be extended to a Hilbert space isomorphism 
W : £ ^ £' that intertwines t and t' . On the other hand, if such a W exists, 
then it restricts to give Wi's that intertwine Ti and r^. Also, equation is 
equivalent to the equation 

G' © le. = C{Q © l£)C* 

where C is the unitary operator C = f/'(/^(s) © W)U* : F{E'') ®, 8 ^ 
F[E'^ ) ©i/ £' and U and U' are the evident Fourier transforms. In fact, one 
can show that for t] e {E^'^y = [E^)®^ C F{E^) and he 8, 

C{r] © /i) = (/ © W)7]W* © Wh, 

where (/ © W)riW* is a map from S' to E®^ © £' that lies in the r-dual of 
E®^, which may be identified with (^E'^)®^ by Proposition \2.tA Consequently, 
the map X t— > X' , where X' © I^;/ = C{X © l£)C* , is an isomorphism of 
H°°{E'^) onto H°°{E'^ ). Once we use this map to identify the two algebras, 
we see that the two characteristic functions are isomorphic in the sense of 
Definition \3.2^ if theu are identified via this map. Since we do not use this 
remark in the rest of the paper, we shall omit further details. 
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3.8 Models and Characteristic Functions: Completing 
the Circle 

Lemma 3.31 Let{T,a) be a c.n.c. representation of the W* -correspondence 
on a Hubert space, let T> and be the defect spaces, let O = be its 
characteristic operator and let A := Ae^, = (/ — 0*0)^/^ Then: 

(i) There is no non zero vector x &T> such that x = PvQ* Pv,Qx . 

(ii) A{J^{E) V) = A{{J^{E) V)eV), where ai=(To^. 

Proof. It follows from the proof of Theorem 13.211 (see equation (fT^ ) 
that Px)*©!"^ = —T. So (i) amounts to the fact that the kernel of the positive 
operator D = (I — t*TY^'^ restricted to the range of D (i.e. to V) is trivial. 
Since this is obvious, (i) is proved. To prove (ii) note first that Poo{K) = 
sp^{V{OPoc{k) : ^ e E,k e K} = spm{V{^)P^{ k) : ^ E E,k e 
L^{V)} = span{PUV{Ok) : ^ e E,k e L^{V)} = P^{L^{V)qV). 
So if a; G J^{E) V and if $2 is the isometry defined in Proposition I3.25[ 
then $2(^3;) lies in P^{K). Hence $2(^2;) = limPoo2/n for some ?/„ G 
LooiP) Q and so Aa; = lim^gPooJ/n = hmAy(W^?/„). It follows that 
Ax G A{{T{E) V)QV). □ 

Definition 3.32 Let = (G, £^1, £^2, ^i, T2) be a characteristic function and 
letA:= 

(i) We say that 6 is pure if there is no non-zero vector x in £1 so that 
X = P£,Q*P£,Qx. 

(ii) We say that is predictable in case 

A{T{E) £{) = A{{J^{E) S^) e S^). 

Remark 3.33 The reason for the term "predictable" derives from the role of 
Hardy spaces in the setting of prediction theory. Recall that if M = C = E, 
then the Fock space T{E) may be identified with the Hardy space H'^iT). So, 
if Si = S2 = C also, then J^{E) ®ri Si = H'^{T) as well, and a characteristic 
function is simply a function 9 G H°°(T) such that ||^|| < 1, i.e., 9 is a 
Schur function. (The function 9 is pure if and only if 9 is not constant, 
by the maximum modulus principle.) The function 5 := (1 — lies in 
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L°°{T). To say that 9 is predictable is the same thing as saying that SH'^iT) = 
5Hq{T), where Hq{T) is the space of those functions in H'^(T) that vanish at 
the origin. The connection with prediction theory is this: Suppose {^njnez 
is a stationary Gaussian process with covariance matrix {6{n — m)}n,m&- 
Then the future, \J n>Qin, is contained in the past, \J ^^Qin, i-^., the process 

{^n}n£Z is predictable, if and only if 5H'^{T) = 6Hq(T). We note in passing 
that 9 is predictable if and only if 6H'^{T) = L^(T) and that this is also 
equivalent to the assertion that In (5) ^ L^{T) by Szegd's theorem. 

Remark 3.34 Let Q be a characteristic function. Note that, for all C,, C 
E®", e commutes with both T^ O and T^T^ ® h^, since T^T^ e ipoo{M). 
Thus (T* ® /)e(r^ ® /) = (T^T* ® /)e = 0(T* ® ® /). It follows that 
(T^ ® /)© and Q(T^ (g) J) are equal when restricted to E'^"^ ® Si for m>n. 

Lemma 3.35 Let = (0, £^2, ti, T2) be a characteristic function that is 
pure and predictable. Form its canonical model (T, cr) := (Te,cre) on the 
Hilbert space H{Q) and the isometric representation {V, p) := (V0,pe) on 
the Hilbert space K{Q) as described in Lemma \3. 2'^ Then (V,p) is minimal 
as an isometric dilation of (T, a) . 

Proof. We already know that (V, p) is an isometric dilation of (T, a) 
by definition. So we need only prove minimality. For this, write /C for the 
subspace 

/C = ^pcm{V{i)H{Q) -.ieE}. 

We shall show that /C = K{Q). Fix a vector x G K{Q) Q /C. Since x is 
orthogonal to H{Q), we can write x = Qiuq + Awq for some wq G J-'{E)®riSi, 
where as usual A := (/ — G*G)^/^. For every n > 1 and every ^ E E^"", 
V{^)*x e H{Q)^ and we can find w{^) E T{E) O £1 such that 

V{0*{ewo + Awo) = QwiO + AwiO. 

We now write S for the operator in Lemma 13.231 and conclude from 
the previous equation that (T^* ® I)Qwo = Qw{^) and S{^)*Awo = Aw{^). 
Hence, for every ^, ( in E^"' we have 

Q*{T^T^ ® I)Qwo = e*e(T^ ® l)w{0 

and 
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where we used the facts that O commutes with T^®/ and that, by definition, 
S{()A — A(T^ (8) /)). Adding these two equations gives 

e*{T^T* ® I)Qwo + AS iC) 8(0*^^0 = {T^ ® (33) 

We shall write Cj (respectively, fi) for the projection of J-'{E) £i (respec- 
tively, T{E) £2) onto E®' £1 (respectively, E^' 0^-2 ^2)- Note that, for 
C G E^'^ as above, we have ej(T(^ ® I)w{^) = if i < n. Thus, for i < n, 

ei{Q*{T^T* (8) /)e«;o + A5(C)5(0*A«;o) = 0. 

It will be convenient to write (i?, 0) for the (isometric) representation of E 
on :r(£;) ®^ S2 defined by i?(^) =7^(8) /^^ (for ^ G £;) and (f){a) = (^oo(a) ® 
for ae M. Then the maps Rn : ®r20^^ ^(-£^) ^2 ^ ^(^) ®t2 ^2 are 
defined in the usual way. For C,^ E E"^^ we write C ® ^* for the operator 
C ® r on E®*^ defined by the formula (C ® r)C' = C(C,C')- The C*-algebra 
generated by these operators is written K{E'^") and it is u-weakly dense 
in the iy*-algebra £(£;»"). We have S{C)S{^)* = Sn{{C T) « -^)'^; and 
T<;T* ® 7 = ^„((C ® r) ^ Hence, for every K e KiE®"") and every 

i < n, 

ei(e*^„(X (8 7^(E)«£J^;e^/;o + AS„{K ® 7A(^(E)®fi))'^n^^o) = 0. 

Noting that Ie^^ is in the cr-weak closure of K^E®"^) we conclude that 

ei{e*Rr,Kewo + ASJlAwo) = 

for ?■ < n. But RnR^ = J^JLnfj' '^^ '^^^ hand, and SnS* = 7 by our 
assumption that is predictable. Thus ej(6*(^°^^ /j)0tyo + A^-u7o) = 
and, since = 7 - Q*iZT=o have e,(t^o - ©"^(EJ^o /.O^^^'o) = 0- 

But also (E;=o /.)0^o = (E;=o /.)0(Efe =0 efc)wo and we get the following 
equation, for every i < n, 

n—l n—l 

awo - ei&{Y^j))Q{Y^ek)wo = 0. (34) 

Setting n — 1 and i = we obtain in particular the equation CqWo = 
eo©*/o©eoU'o. Since © is assumed to be pure, eo^o = 0. Now set n = 2 
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and i = 1 in equation and use the fact that foQwo = foQeo = to 
conclude that 

eiwo = eiQ* fiQeiWo. (35) 

In order to "bootstrap" purity to this equation we first fix ( & E and, using 
Remark 13.341 we compute 

{T* ® I)eiWo = {T* I)eie*fieeiWo = eoQJoiT^* ® I)eeiWo = 

= eoQ*fo&{Tc^I)eiWo. 

Now we can appeal to the purity of to conclude that (T^ ® I)eiWo = 0. 
Since this holds for all ( & E, eiWo = 0. Continuing in this way we see that 
e-nWo = for all n > 0. Thus Wq = and, consequently, x = 0. □ 

Lemma 3.36 Let Q be a characteristic function that is pure and predictable 
and adopt the notation from Lemma \3. 2'J[. Fori > 1 set 

ICi := span{Ve{^)h \ ^ G E®\ h e H{e) } 

and for j > set 

Mj := {Qx + AqX : X G E^^ O Si}, 

where, for j = 0, E^'^ Si is Si. Then, 

Mo = ilKie)-Pe)i}Ci). 

Proof. As usual, write A for (/ — 0*B)^/^. First we note that the map 
taking x G J^{E)®Si to 9x+ Ax G K{Q) is an isometry, since 9*6 + A^ = /, 
and, consequently, that for i ^ M.i is orthogonal to M.^ Also, we note 
that forx G E®^®Si and ^ G E, Ve{i){Qx + /\x) = (T^® J)0x + ^e(OAx = 
6(T^ (g) I)x + A(T^iS) I)x. Hence Ve{E)Mj C Mj+i, where we abbreviate 
spm{Ve{^)x \ ^ e E, X e Mj} by Ve{E)Mj. It is also clear that Ve{E)}Ci C 

Next we show that for j > 1, /Ci is orthogonal to J^j. Indeed, let 
J > 1, let C e ^, let G and let h G Si. Then, for ^ e E, we have 

y(0*(e(C®^®/i) + A(C®^®/i)) = iT*^I)Q{C®d®h) + SeiO*HC®d^h). 
Using Remark KM and the fact that A(C ^ 9 ® h) = A(r^ ^ I){9 ^ h) = 
SeiO^id^h) we find that V{O*i^iC®0®h) + A{C(S) 9 (g)h)) = Q{T*(g)I){C® 
9®h) + Se{iYSe{C)Hd ®h) = e((e, 0^ ®h) + A((^, C)^^ ® h) e H{&)^. 
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It follows that /Ci is orthogonal to Mj, j > 1. Since Mj = {I — Pe){Mj), 
we conclude that (J — Pe)/Ci is orthogonal to J^j for all j > 1. But it is also 
orthogonal to if (6) and we have K{Q) = H{Q)® J2%o Thus 

(/-Pe)(/Ci) C^o. (36) 

/^Froni dnni) it follows that ICi C Mo ® H{Q). Applying VeiE) to this we 
find that )C2 M.i Q) ICi. A second application of Vq{E) yields /C3 C 
{M.2 ® M-i) + /Ci- Continuing by induction we find that for every i > 2, 

i-l 

/C, C/Ci + J]©A<j-. (37) 

j=i 

Now suppose y G Aio Q {I — Pe){^i)- Then y = {I — Pe)y G K,^- Since 
y G TVIo, y is also orthogonal to A4j for every j > 1. By ^7\ . y is orthogonal 
to ICi for every i > 1. But y G //(O)-*- and, by the minimality of (Ve,P0), 
H{Q) + ^ /Cj is dense in ^(9). Thus y = and this, combined with the 
inclusion (j36j) ) completes the proof. □ 

Lemma 3.37 Let (9, £1, £2, ^i, T2) be a pure and predictable characteristic 
function, let (T,a) = (TQ,aQ) be its canonical model acting on H = H{Q), 
and let V and be the defect spaces associated with (T, a) . Then: 

(i) The spaces E\ and T> are isomorphic as left M -modules ;i.e. there is a 
unitary operator Wi : Si ^ V such that, for every a G M, 

lyiri(a) = {^{a) Ih)Wi. 

(a) The spaces £2 and are isomorphic as left M-modules ; i.e. there is 
a unitary operator W2 : S2 T)^ such that, for every a G M, 

W2T2{a) = a{a)W2. 

Proof. Write (V, p) for the minimal isometric dilation of (T, a) as 
constructed in ((7j) and the discussion preceding it. The representation space 
of {V, p) is K = H (B {J^{E) T>). From the uniqueness of the minimal 
isometric dilation [221 Proposition 3.2] and Lemma [3. 351 it follows that there 
is a unitary operator W : K{Q) K such that W maps H{Q) onto H and 
satisfies the equations V{C,)W = WVeiO^ ^ ^ E, and p{a)W = Wpe{a), a G 
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M. Write Wih = W{Qh + Ah) for h G £i, where A := (J - 0*0)^/2^ Then, 
in the notation of Lemma HOm Wi{Si) = WMq = W{I-PH(e))^i = W{I- 
PHie))VeiE)H{Q) = {I-PHie))WVeiE)W*WH{Q) = {I-PHie))V{E)H = 
T>, where the last equahty follows from equation ((7j). Recall that the map 
X I— > Qx + Ax is an isometry defined on J^{E) ® £i- Hence Wi is indeed a 
unitary operator from £i onto T). Now fix a G M and h E Si and recall that 
V C E'S)H and p(a)|P = {Lp{a) O Ih(s))\V. We have 

{ip{a) ® lH)Wih = p{a)W{&h + Ah) = Wpe{a){eh + Ah) 

= W{{ipoo{a) ® I)eh + ATi{a)h) = W{eTi{a)h + ATi{a)h) = WiTi{a)h. 

This proves (i). 

To prove the other assertion, recall first from Lemma (3.41 that Ko is the 
range of the projection / — VV* (in fact, we can write Kq = K Q V{E)K) 
and there is an isometry u from Kq onto P*. Note that we may view S2 as 
the first summand of J^{E) ® £2 and that when we do, we can write £2 = 
{J^{E)®£2)espan{m®I){^{E)(^£2) \ ^ ^ E}. Since Se{E)A{J^{E)®£i) = 
A{{J^{E) ® £1) e £1) = A{J^{E) ® £1), we have £2 = K{Q) e Ve{E)K{Q) = 
W*KeW*V{E)WW*K = W*{KeV{E)K) = WKo. Thus, setting W2 = 
uW\£2, we obtain a unitary operator from £2 onto V^,. Finally, for a E M 
and he £2^ K{Q), 

W2T2{a)h = uWpe{a)h = up{a)Wh = a{a)W2h 

where the last equality follows from Lemma 13.41 (iii) . □ 

Theorem 3.38 Let (0, £^1, £^2, ti, T2) be a pure and predictable characteristic 
function and let {T,a) = (Te,cre) on H := H{Q) be the associated canon- 
ical model. Then this representation is c.n.c and its characteristic function 
{Qt,T^,T^*, ® Ih)\T^, o-\V^) is isomorphic to {Q,£i,£2, n, T2). 

Proof. We continue with the notation of the proof of Lemma 13.371 
In particular, Wi will denote the Hilbert space isomorphism from £1 to T> 
constructed there, while W2 will denote the Hilbert space isomorphism from 
£2 to T)^. Also, W will be the unitary operator from K{Q) onto i^T, where K 
is the space of the minimal isometric dilation {V, p) of (T, a) as in the proof 
of Lemma [3. 3 71 It is shown there that W maps £2 onto Kq and it intertwines 

and V. Thus it maps J^{E) ® £2 on to Qoo{K). Since W{H{Q)) = H, 
H n Poo(^) = W{H{e) n A(J^(E) ® £i). But iiy e H{Q) f] A{J^{E) (g) £1) 
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then, for every x G J^{E) ^ Si, y is orthogonal to Qx + Ax and also y is 
orthogonal to Qx G T{E) (8) 82- Thus y is orthogonal to Ax for every such x 
and it follows that y = 0. Hence Hr\Poo{K) = {0} and, consequently, (T, a) 
is a c.n.c. representation. 

Since W maps J^(-E') (S> £^2 onto Qoo{K), it follows that QoqWAx = 
for a; G J^(S) ® ^i. Also, recall that W2 = uW\£2 and, for ^ G J^(^) and 
h G £^2 we have {Ijr(E) ® 1^2) ® Z^) = ^ ® ^^W^/^ = (/ ® (g) IV/i) = 
(/ ® M)W^^gooV(OW^^ = ® u)W:,Q^Wi^ ® /i). Thus 

/^(E) ®W2 = {ir(E) ® M)^y^gooW 

So from the definition of Gt, Definition 13.101 we find that for every h G £1, 

QtWiH = QrWim + Ah) = QrWeh 

= {Ihe) ® u)W*^Q^W@h = (I^^E) ® W2)eh. 

Hence, for ^ (g) G J^{E) (g) V and /i := W^irf G £^1, we have ® 

M^2)e(/^(i^)®w^r)(e®^^) = (/.F(E)®w^2)e(e®/i) = ii^iE)®W2)m0i£,)eh = 

Therefore 

(I^^E) ® W^2)e(/^(i?) ® W^i*) = Or, 
as was to be proved. □ 

4 Commutants of Models 

In [22j Theorem 4.4] we proved a commutant lifting theorem for completely 
contractive representations of tensor algebras. The analysis there extends 
without difficulty to a-weakly continuous representations of Hardy algebras. 
However, with the analysis in j2Hl available to us and the results of the 
preceding section, it is possible to give a refined version of the commutant 
lifting theorem, at least in the context of C.q representations. The theorem 
we shall prove in this section generalizes Theorem 6.1 of 

First recall that if (T, a) is a C.q representation of on a Hilbert space 
if, if = Bt is the characteristic function associated to the characteris- 
tic operator (9^, I^*, ti, r2), and if (Te,a@) is the canonical model built 
from B, then the Hilbert space of the minimal isometric dilation of (Te, ere), 
K{Q), is J-'{E) 0^-2 1^*, by virtue of Theorems 13.191 and 13.251 (A bit more 
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completely, Theorem 13.191 guarantees that 6^ is inner if (T, a) is C.q. Also, 
Lemma 13.71 guarantees that the minimal isometric dilation of (T, a) is an 
induced representation if (and only if) (T, a) is C.q. And, Theorem 13.251 
identifies the form of that induced representation.) The model space H{Q) 
is {J^{E) T^*) e Qt{^{E) V) in this case. Recall, too, that (^, r) 
is a fixed supplement of ti and T2 and that T{E) ®^ Q decomposes as 
J^{E) ®rQ = i:F{E) Ho) © (J^iE) V) © {J^{E) V,) (equation 
fll5|) ). A moment's reflection reveals that if V2 is the isometric embedding 
of in Q that sends d^, in to (0,0,6?*)*'', then / ® f 2 is an isometric 
embedding of J-'{E) 0^-2 I^* in J?-'(-E) ©r ^ that intertwines the two induced 
representations of H°°{E) and that maps H{Q) onto the space 

(J'iE) (g)r g) e QriHE) (S)rG), 

where here By is treated as the matrix in equation On the other 

hand, the canonical equivalence $ from K{Q) = J^{E) ©^-3 2^* to the Hilbert 
space K of the minimal isometric dilation {V, p) of (T, a) is a Hilbert space 
isomorphism that intertwines V x p and the induced representation , 
maps H{Q) onto if and implements a unitary equivalence between (T, cr) 
and (Te,ae) (see Theorem E^S) • Hence, if ?7 : T{E) ©^ ^ ^ J^(E^) ©, G 
is the Fourier transform from Remark 12.111 and if Uq is the composition 
Uq := U{I © f2)($~^|ii), i.e., if Uq is built from the following diagram 

HGK^ KiQ) '-^ J^{E) ®rQ^ ^(^0 ©. 

then [/q is an isometry mapping H into J-'{E'^) ©^ ^ and has the property 
that for every E G H^{E^), U^{E © Jg)?7o commutes with T x a{H^{E)). 

Theorem 4.1 Le^ it be a completely contractive a -weakly continuous repre- 
sentation of H°°{E) on the Hilbert space H such that the associated covariant 
representation of E, (T, a), is a Co-representation. Let Uq '■ H ^ J-'{E'^)^^Q 
be the isometric embedding just described. Then for every X G B{H) that 
commutes with tt{H°°{E)) , there is anE G H°°{E'^) such that 

(i) = ||X||, and 
(11) X = U*{E®Ig)Uo. 
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Proof. We have already noted that every X of the form in (ii) com- 
mutes with Tr{H°°{E)) and of course ||X|| < ||S® /gH = ||S|| since t-^^-^^) is 
faithful by Remark 12.71 But the converse results from Theorem 4.4] as 
follows. Given X G B{H) that commutes with it{H°°{E)), Theorem 4.4 of 
[221 produces an operator Y on the Hilbert space K of the minimal isomet- 
ric dilation {V, p) of {T,cr) that commutes with (V,p), satisfies the equation 
= ||X|| and satisfies the equation X = PhY\H. Since (T, a) is C.q, 
Lemma 13.71 implies that {V, p) is an induced representation. Theorem 13.251 
identifies the structure of that induced representation and shows that $ im- 
plements an equivalence between (V^, p) and the (covariant) representation 
T2 ■ The map I ® V2 embeds T{E) ^* into J-'{E) (g)^ Q in such a way 
that (/ (g) V2)^~^{Y)^{I ® ^^2)* commutes with t^'^^\H°°{E)). So, since 
U is the Fourier transform from J^{E) (8>r Q to T{E'^) (8>t G-, Theorem I2.1UI 
guarantees that U{I ®V2)^~^{Y)(^{I ®V2)*U* is an operator on T{E^) <S),Q 
that lies in l^^'^'\H°^{E^)), i.e., U{I ® f2)$'^(F)<l>(/ ® V2yU* = E ® Ig 
for a H G H°°{E'^). Hence, as a calculation reveals, Uq(E ® Ig)Uo = X and 

l|s|| < = ||x||. □ 

Remark 4.2 If M = C = E, and if (T, a) is a Cq representation with 
1- dimensional defect spaces, then Theorem \4 ■ 1\ gives Sarason's original com- 
mutant lifting theorem Vd9^ . 

5 Invariant Subspaces 

In the theory of models for single operators, invariant subspaces are deter- 
mined by factorizations of the characteristic operator functions. The same 
is true in our setting. To keep the presentation as simple as possible, we 
shall restrict our attention to C.q representations. We shall need to consider 
factorizations, i.e., compositions, G = O1O2, where B is the necessarily inner 
characteristic function associated with a Co-representation and where each 
Gj, 2 = 1, 2, is an inner characteristic function that is not necessarily purely 
contractive. Two such compositions O = 9i62 = B^G'a are said to be equiv- 
alent if Q'^ = 6i(/® Vo) and = {I®Vq)Q2 for a suitable unitary operator 

Theorem 5.1 Let (T, a) a C .^-representation of E on H , with T x a denot- 
ing the associated representation of H°°{E), and let Q := Qt be the inner 
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characteristic function of this representation. Then there is a bijection be- 
tween the subspaces of H that are invariant under (T x a){H°°{E)) and 
equivalence classes of factorizations O = O1O2 of Q as a composition of two 
inner characteristic functions. 

Proof. By Theorem 13.251 we may assume that (T,a) is (TejCXe) for 
the inner characteristic function (9, "D, "D*, ri, r2). Hence, the space H is 
H{e) = {T{E) ® V,) e Q{T{E) V). 

Fix a subspace M. C H{Q) that is invariant under (T x a){H°°{E)); that 
is, for every ^ e E and a e M, Te(0-^ ^ M and (Te(a)7W C M. Write 
X = M® e(V(E) ®V)C K{e). Recall that Te(0 (for ^ e E) and ae{a) 
(for a G M) are the compressions of T^®/x)^ and (Poo{.o)®It>,, respectively, to 
H{Q). Also recall that Tg® J©, and ^oc,{,o)®Iv, leave 0(jF(£')(g)D) invariant. 
It follows that M is invariant under these operators. Thus, defining S'(^) and 
7r(a) (for ^ E E and a G M) to be the restrictions of T^^Iv^ and V5oo(fl)®-^x>*, 
respectively, to A/", we get an isometric representation of E on M . Since this 
is the restriction of a pure representation in the sense of j24j, meaning that 
condition (ii) of Lemma 13.71 is satisfied, it is also pure. It follows from the 
equivalence of (ii) and (iv) in Lemma f3. 71 iS. tt) is induced. That is, there is 
a representation p of M on a Hilbert space Hq such that (S*, vr) is unitarily 
equivalent to the induced representation on J^{E) ®p Hq. Hence, there is 
a unitary operator 61 from J-'{E) ®p Hq onto M intertwining the induced 
representation and (5*, tt). It is then easy to check that {Qi, Hq,V^, p,T2) is 
an inner characteristic function. (Recall that it is not assumed to be purely 
contractive) . 

We now write 63 = 6^6 : J^{E) 0^ T) J^{E) ®p Hq. Clearly, 62 is 
an isometry (note that the range of G is contained in the range of 0i) and 
since 02 evidently intertwines p-^(^) and t[^^\ we see that (02, "P, -f^o; ^i, p) 
is an inner characteristic function (where, again, we do not assume that it is 
purely contractive). We have = 0i02. 

So far, starting with an invariant subspace of H{Q), we obtained a 
factorization of 0. Note also that 

j^iE) V, e 0i(-F(^) ®p Ho) = H{e) e M. (as) 

Now assume that (0i, Hq, "D*, p, T2) and (02, V, Hq, ti, p) are two charac- 
teristic functions (not necessarily purely contractive) such that = 0i02. 
Clearly Q{J^{E) V) C Qi{J^Ie) (g)p Ho). Set 

M = ei{T{E) ®p Ho) e Q{T{E) V). 
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Then Ai C H{Q). Since Ai is clearly invariant for cre(M), we need to show 
that it is invariant for Tq{^) for ^ G -E. Fix an h ^ A4 and ^ G -E. Since h is 
in the range of 0i and 0i intertwines T^®Iho and T^®/©,, {T^®Ix>,)h is also 
in the range of 0i. Thus TQ{^)h = PH(e)iT^ ® Iv,)h lies in A4. Hence Ai is 
an invariant subspace of H{Q). Note also that if we start with an equivalent 
factorization 6 = 0'i02 we get the same subspace A4. 

It is clear from the decomposition (j38p that if we start with an invariant 
subspace At and find the factorization B = B1G2 as above, then the invariant 
subspace associated to this factorization is the space Ai we started with. 

Now start with a factorization G = G1G2 and associate with it the sub- 
space M = Qi{T{E) ®p Ho) Q Q{J^{E) V) as above. To this sub- 
space we apply the argument at the beginning of the proof to get a fac- 
torization G = G;G2. To do this, we write Af = M ® Q{J^{E) V) 
(= Qi{J-'{E) ®p Hq)) and find a representation p' on Hq and a unitary op- 
erator G'^ : T{E) ®pi Hq M that implements a unitary equivalence of 
the induced representation on J^{E) ®pi Hq and the restriction to A/" of the 
induced representation on J-'{E) V^. Setting V = GJG'^ we get a unitary 
operator from J-'{E) ®pi Hq onto J^{E) ®p Hq that intertwines the induced 
representations. It is easy to see that such a unitary operator is of the form 
^r{E) ® H for some unitary operator Vq from Hq onto Hq (roughly, Vq is the 
restriction of V to Hq viewed as the wandering subspace of J^{E) ® Hq). We 
thus have Qi{Ir{E) ® Vq) = G^. □ 

6 An Example: Analytic crossed products 

In this section we illustrate some of the results of the previous sections as 
applied to the special case of correspondences induced from endomorphisms. 
We shall fix an endomorphism a of a iy*-algebra M and we shall let E be 
the lV*-correspondence qM. That is, as a (right) iy*-module over M, E is 
M with the inner product defined by the formula (^1,^2) = ^1^2, ^i, ^2 £ E, 
but the left action is given by a, i.e., a ■ ^ (= v^(a),^) := a;(a)^, for ,^ G and 
a G M. 

The associated Hardy algebra, H'^{E), has a particularly attractive de- 
scription, which we shall develop. Note that for each k > 1, the corre- 
spondence E'^^ can be identified with ^kM. The map implementing the 
isomorphism takes ^1® ■ ■ - ^^k to a'^~H^i)'^'^~^(^2) ■ ■ -^k- Thus J^{E) can be 
identified with the direct sum ^^q®"*^ (where is the identity map. 
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and the zeroth summand, qoM, is simply M, viewed as the identity corre- 
spondence from M to M). 

The action of M on T{E) given in this form, (/Joo, now written ttoo, is fa- 
mihar from the theory of crossed products: for a G M, aoo(a)(^fc) = (tt'^(a)^fc) 
for (^fc) £ ^{E). On the other hand for ^ & E, the creation operator is given 
by the formula T^{C,k) = {dk) where 9^ = Note that since 

Ta^b = aoo{a)T^a^{b), 

a, b & M and ^ & E, the operators are completely determined by Ti, 
where 1 is the identity element of M viewed as a vector in E. Evidently, Ti 
is a power partial isometry, and assuming that a is unital, which we shall, Ti 
is an isometry. We shall write w for Ti. Then H°°{E) is simply the a- weakly 
closed subalgebra of the iy*-algebra C{J-'{E)) generated by aoo(^) and w. 
For historical reasons we shall call this Hardy algebra the analytic crossed 
product determined by M and a and denote it by M Xq, Z+. 

Non-self-adjoint algebras of this form (and closely related algebras) have 
a long history going back to work of Kadison and Singer JH] and Arveson 
12 El- In these papers and in most of the subsequent literature, a is assumed 
to be an automorphism of M. However, in |2D], Peters studied a related 
structure associated to an endomorphism of a commutative C*-algebra and 
proposed the name semi-crossed products for these. They turn out to be 
examples of tensor algebras and are discussed from this point of view in ■ 
The term, non- self- adjoint crossed product was introduced in JHIj but was 
changed to analytic crossed product some years later in j2I] to reflect better 
their function theoretic aspects. Since we are trying to promote the view 
that all Hardy algebras as bona fide spaces of analytic functions, we shall 
adopt the term "analytic crossed product" to describe algebras of the form 
M x«Z+. 

Fix a (not-necessarily faithful) representation cr of M on the Hilbert space 
H. Since E®"^ may be identified with ^-^M for all n > 0, the spaces E'^"'^^H 
may each be identified with H via the Hilbert space isomorphism Wk defined 
by the formulae 

H^.Ki « . . . ® & « A) = { ' ■ ■ ■ * : ° . (39) 

E E, h E H. Then the direct sum W := J2k>o®^>' ^ Hilbert space 
isomorphism from J^{E)®„H onto H), where //) := : Z_|_ — >• 
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H I X]fc>o < (I^ '^ill be convenient below to indicate the depen- 

dence oiW and the Wk on a by writing and VF^, but we omit this until 
necessary.) Define a covariant representation of E on £^(Z+,if), denoted 
(S'//, ^Z'//), by the equations 

{SH{i)x){k) = a{a^~\0)x{k - 1), ^ e E = , x e f{Z+, H) 

and 

{ipH{,a)x){k) = a{a^{a))x{k), aEM,xe f{Z+,H). 

Thus, Sni^) is the unilateral shift (of appropriate multiplicity). Then a 
moment's refiection using the definition of the representation induced by 
cr, Definition 12.61 and equations Q and ©, reveals that W implements a 
unitary equivalence between the representation of (M, q.M) induced by a 
and {Sh^^Jh)- That is 

Wa^^-^'\w)W* = Sh{1) 

and 
ae M. 

Consider next an operator R G -B(£^(Z+, if)) that commutes with the 
representation Sh x 4'h{M Xq, Z_(_). Then since R commutes with the shift 
Sh{^), it is well known and easy to verify that R must be a block analytic 
Toeplitz operator. That is, the matrix of R with the direct sum decomposi- 
tion of H) has this form: 





Ri 


R2 





Ro 


Ri R2 








Rq Ri 



where each Rk G B{H). On the other hand, since R commutes with ipniM), 
a straightforward calculation reveals that each Rk satisfies the equation 

a{a)Rk = Rk<y{a\a)), (41) 

for all a G M, i.e., R^ intertwines a and a o ip^ . And conversely, every 
bounded operator R on £^(Z_|_,if) whose matrix with respect to the direct 
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sum decomposition of i'^{7j^,H) is a block Toeplitz matrix, as in equation 
(|4Up ■ whose entries satisfy equation (j4ip . must commute with the image of 

Sh X tpH- 

Suppose now that a is faithful, so we may form the cr-dual of E = q,M 
and note that (^E'^)'^^ is the a-dual correspondence of E^'' = ^kM. Hence 

= {r]:H^ ^kM ® H \ r]a{a) = {a\a) ® I)r], a G M}. 

It follows from the definition of the maps Wk in equation ()39|) that 

Wk-iE'^f' := {WkV I V e (E^f"} = {ze B{H) \ za{a) = aia\a))z, a E M} 

Thus we have substantially proved the following proposition. We leave the 
remaining details to the reader. 

Proposition 6.1 Suppose E = q,M, for an endomorphism a of M, and that 
a is a faithful representation of M on the Hilhert space H . IfW = J2k>o 
is the Hilhert space isomorphism from J^{E) ®<t H to i'^{'Ij^,H), where the 
Wk are defined in equation \39^) and if U : J^{E) H J^{E'^) (8>t H is 
the Fourier transform determined by a, then for all rj G {E'^)®^ , a{a)Wkri = 
a{a^{a))Wkri, for all a G M, and 



WU*{Tr^(^lH)UW* 



f ■■■ WkV ■ ■ ■ 

■■■ WkV 

■■■ WkV 




V 



\ 



/ 



Further, WU*{H'=^{E'') ® Ih)UW* = {i? G B{f{Z+,H)) \ R satisfies equa- 
tions ^Uj) and which is the commutant of Sh x iPh{H°°{E)) . 



Suppose now that vr is a completely contractive a-weakly continuous 
representation of any Hardy algebra, H°°{E), on a Hilbert space H, then 
the associated covariant representation (T, a) of E is given by the formulae 
a = n o ip^ and T{^) = 7r(T^), C, E E. Consequently, in the present set- 
ting, where the Hardy algebra is M xIq, Z4., if vr is a completely contractive 
(T- weakly continuous representation of M Xq, Z+ on the Hilbert space H, the 
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covariant representation (T, a) of qM on H is determined entirely by a and 
the contraction operator t := T(l) = 7r(w). If we let Wk : -E"^'' ®^ H ^ H 
be the Hilbert space isomorphism from equation (jHIJj) and compute, we find 
that 

= T(ei)T(e2) ■ ■ ■T(a)/i = T(l)a(ei)T(l)a(6) ■ • ■T(l)a(a)/i 

(In the last equality we used the fact that t = T(l) and the covariance 
property of the representation). Thus the generalized powers of T are related 
to the ordinary powers of t through the equation T^W^ = for k > 1. In 
particular, we see that ||T^/i|| = for all h E H. It follows that (T, a) is 

a C.Q-representation or a c.n.c. representation if and only if t is a Co-operator 
or a completely non-coisometric operator. 

Also, the defect operators of (T, a) are related to the defect operators of t 
via the formulae {lH-ff*fl^ = {iH-tef^ and Wi{Ie®^h -f^ff^W^ = 
(Ih — t*tY^'^. Hence, if we form ri := a o a\V where, as usual, V = 

{Ie^^h -f*fy/^{E ®, H), and if we form W^' : J^{E) V i\Z+, V) 
and follow it with / Wi mapping £^(Z+,D) onto ^'{'L^.Vt), where Vt = 
{Ih - tny/^H is the defect space of t, then W„ := Ih ® {I ® Wi)W^^ is a 
Hilbert space isomorphism mapping the Hilbert space of the minimal isomet- 
ric dilation (V^, p) of (T, a) onto the Hilbert space of the minimal isometric 
dilation of t, vis., H © £2(Z+,Pj). Further, we have WvV{l)Wl = v, where 



/ 1 








d 

























\ J 

and := {Ih - t*ty^^. 

Now consider the characteristic operator of (T, a), (9r, "P, V*, ti, T2) and 
identify (T, a) with its canonical model using Theorem 13.251 Recall from 
Remark 13.111 that our notation remains consistent; this new Ti is still the 
restriction of a o a to P; T2 is the restriction of cr to P,,,. Even though the 
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defect space for (T, a) is the same as the defect space V^t := (J — tt*)^/"^!!, 
we shall continue to distinguish notationally between them. Thus t = T(l) 
is the operator which, in the notation of Theorem 13.251 would be denoted 
Tq^(1) and similarly the minimal isometric dilation [V, p) of (T, a) would be 
denoted (Vq^^ p^^)^ etc. However, this notation is ponderous and so we shall 

drop the subscript 6^. We shall write W* for W^^, so that W* is a Hilbert 
space isomorphism from J-'{E) ^* oii^o such that 

where S-p^t is the unilateral shift on £"^{^+,1)^1). We also write Wi for 
(/ Wl^)W'^^, which is a Hilbert space isomorphism from J^{E) onto 
£^(Z_|_,Pt) that satisfies the equation 

where for Svt is the unilateral shift on T?t)- The characteristic operator 

Qt maps J-'{E) to T{E) ®t-2 T^* and intertwines the induced representa- 
tions, Ti and . Thus, if we set 6 := >V*6tWj~ , we obtain a contrac- 
tion from £^(Z+,r'() to £'^{Ijj^,V^t) that intertwines S'x),^ and Sx>f We shall 
write At for {I-Q^^QtYI'^ and A for (1-9*9 )^/^ so WiArWf ^ = A. Also, 
we shall write Wa for the restriction of Wi to At(JF(£') (g)^^ "D), obtaining a 
Hilbert space isomorphism from this space onto A£2(Z+,T't). Consequently, 
W which we shall define to be W^, © Wa is a Hilbert space isomorphism from 
K{Qt), which reca ll from Theor em IT^ is (J^(E) P,) © At(J^(^) P), 
onto £2(Z+, © A£2(Z+, A). 

Recall next the definition of Sq^{-) := S, from Lemma 13.231 and write S 
for the isometry 5'(1). (Actually, S is unitary as we shall see in a moment.) 
Then if S is defined on AP{Z+, Vt) by the formula 5^(A^) = AS'd^^, then, as 
an easy calculation shows, Wa implements a unitary equivalence between S 
and S. Consequently, W implements a unitary equivalence between S'^.^ © 5" 
acting on f{Z+,V^t) © A£2(Z+,Pi). Thus, it looks like W implements a 
unitary equivalence between the minimal isometric dilation v = V{1) for t 
and the isometry that occurs in the Sz.-Nagy-Foia§ model for t in 01].^ But 

^Strictly speaking to identify fully the constructs of the Sz.-Nagy-Foia§ theory, we need 
to transfer the discussion from ^^-spaces on Z to L^-spaces on T via the Fourier transform. 
We omit this detail. However, the whole theory has been developed on Z by Douglas in 

El. 
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Sv,t © "S" is not quite the Sz.-Nagy-Foia§ model isometry. The point is that 
the model that Sz.-Nagy and Foia§ produce acts on V^t) © A£2(Z, T>t)i 

where Dt) consists of all square summable valued functions on the 
integers Z, A is an operator that we describe in a second and the part of 
the model that acts on A.P{2,,Vt) is the (restriction of the) bilateral shift. 
The difference lies in the definition of A. Note that since B intertwines 
S-D^t and S-Df, © has a unique extension to an operator B from i'^{Z,Vt) 
to £^(Z, that intertwines the two bilateral shifts. We simply let A = 
(/ — 0*0)^/^. Then the piece Sz.-Nagy and Foia§ build for their model is 

AP{Z,Vt). However, in terms of 0, A = (J - Pe*Pey%2^z^^j)^), so on 

the face of it, one would expect AP{Z^,Vt) and Ai'^{Z,Vt) to be different. 
Neverthless, if we assume that our representation (T, a) is c.n.c, as we shall, 

then the map that takes £^(Z+,X>t) to Ai'^{Z,Vt) by sending a vector of the 
form A^ to A,^, where ^ is the extension of ^ to all of Z, which is zero on 
the negative integers, is in fact a Hilbert space isomorphism that intertwines 

S on i'^(Z+,Vt) and the restriction of the bilateral shift to AP{Z,Vt). This 
is the content, really, of part (ii) of Lemma 13.311 which gives meaning to 
the term "predictable" . Thus, if we incorporate this additional Hilbert space 
isomorphism (A^ i— >■ A^) into the definition of W, then we have proved most 
of the following theorem. The remaining details are easy to supply and so 
will be omitted. 

Theorem 6.2 Let n be a completely contractive, a-weakly continuous repre- 
sentation of the analytic crossed product M xi^, Z^ on a Hilbert space H such 
that t = 7r(w) = T(l) is a c.n.c. contraction, where {T,a) is the associated 
covariant representation, and let {Qt,1^,1^*,Ti,T2) be the characteristic op- 
erator attached to this representation. Then the Hilbert space isomorphism 
W just described, viewed as a map from the space K{Qx) of the minimal 

isometric dilation of {T,a) to the shift space £'^{Z+,V^t) © A£^(Z, "Dt) maps 
all parts of the model space for (T, cr) to the corresponding parts of Sz.-Nagy- 
Foia§ model space for t, i.e., the operator = >V*0tW~^ described above is 
equivalent to the characteristic operator function of the operator t described 
tn gT]/. 

Concluding Remarks 6.3 

(i) In view of Theorem \6.S\ it appears that for analytic crossed products, 
at least, one may extend the model developed in Theorem \S. 2fA to get 
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a unitary dilation for a c.n.c. representation {T,a) of the algebra. 
That is, thinking of the isometric dilation (V, p) for (T, cr) as act- 
ing on £"^{1,^,1)^1) © Ai'^{Z,Vt) , V := ^(1) is an isometry that sat- 
isfies the equation vp o a{a) = p{a)v for all a G M. The minimal 
unitary extension of v is the ( restriction of the ) bilateral shift acting 

£'^{Z,T):^t) © Pt). However, while v extends to a unitary w, say, 

on i'^{X,V^t) (B A&{Z,Vt) , it may not be possible to extend p to a rep- 
resentation p on this space so that the equation wpoa{a) = p{a)w also 
holds for all a ^ M . If such a p were to exist, then it would have a 
natural extension to the C* -inductive limit of the system built from M 
and the powers of a as described in U^ . Simple examples show that 
this need not be the case. We intend to take this matter up in a future 
study. 

The example studied in this section may seem very special. However, 
thanks to our investigation in 1^,5]/ . we may assert that under techni- 
cal conditions that we ignore here, every W*- correspondence over a von 
Neumann algebra is Morita equivalent to one that comes from an endo- 
morphism of another, possibly different, von Neumann algebra. Thus, 
up to Morita equivalence, all Hardy algebras are analytic crossed prod- 
ucts. We intend take this matter up also in a future study. 

As we noted in Theorem \6.S\ the characteristic function Qt of the rep- 
resentation (T, a) is equivalent to the characteristic operator function 
of t = T{1) (after one takes the Fourier transform that identifies 
i"^ with L^(T) and identifies Q as a function, rather than as an oper- 
ator.). Classically, B is an analytic function from the open unit disc 
3 in C to B{T>t,V^t) ■ On the other hand, because Qt is an element 
of H°°{E'^), where {G,t) is the supplement of ti and T2 that we fixed 
in the discussion just before equation / f73]) . Qt has a Taylor or Fourier 
expansion 

Qt ^Tno+T^^-\ , 

where the rji G {E'^)®^ . As we show in \2t^ using the gauge group, the 
arithmetic means of this series converge weak-* to Qt. As we noted 
above, Wi ■ {E")^' := {W,7] \ t] G {E")^'} = {z e B{g) \ za{a) = 
a{a\a))z, a G M}. To compute the WiTji G B{Q), we may appeal to the 
analysis leading to Theorem \3.21\ or to the result of the calculation there 
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to conclude that PVo^o = -t\1^, W^i^i = A,A|X), W2V2 = AJ*A\V, ■■■ . 
So, if we evaluate Gt on the open unit ball of E = using the for- 
mula from Theorem \3.21\. then a straightforward calculation based on 
the analysis we have made and the definition of the characteristic op- 
erator function for t from \^ shows that if denotes the identity 
operator in M , but viewed as a vector in E, then for all complex num- 
bers z, \z\ < 1, 

(The reason for z and not z is an artifact of the role that elements in 
the dual play in the representations of the algebras and need not concern 
us here.) Thus, Qt is effectively determined on the one dimensional 
slice {zC,o I \z\ < 1}. Of course, this is fairly evident from Theorem 
Vj.21\ and the fact that C,o is a cyclic vector for E as a right module over 
M. 
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